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We investigate consequences of an ultraviolet fixed point in quantum gravity for the cosmological 
constant. For this purpose we perform dimensional reduction of a general dilatation symmetric 
effective action F in dimension d > 4 to an effective four-dimensional theory of gravity with a 
dilaton field. We find a stable fiat phase in the space of extrema of F which results in a vanishing 
four-dimensional cosmological constant A. In order to understand the self-tuning mechanism leading 
to A = we discuss in detail the most general warped geometries with maximal four-dimensional 
symmetry and SO{d — 4) isometry of internal space. While the solutions of the d-dimensional field 
equations admit singular spaces with arbitrary A, the extremum condition for F imposes additional 
restrictions which result in A = 0. In cosmology, the dilatation symmetric fixed point may only be 
reached for asymptotic time f — )■ oo. At finite t dilatation anomalies result in an effective potential 
and mass for the pseudo-dilaton or cosmon and in dark energy. 



I. INTRODUCTION 

The possible importance of a dilatation symmetric fixed 
point for the understanding of the cosmological constant 
problem has been stressed long ago [H,[1],0|. This fixed 
point may be associated with an ultraviolet fixed point of 
quantum gravity, as found [J] in functional renormalization 
group studies of the asymptotic safety scenario [5]. Indeed, 
a fixed point is typically visible not only in the running of 
couplings with varying momentum, but also for suitable 
varying background fields. The close correspondence be- 
tween momentum flow and background field flow has been 
established first for four-dimensional scalar theories [(| , but 
holds in a much wider context. In the region of field space 
which is dominated by the fixed point the quantum effec- 
tive action F must be dilatation invariant, whereas close to 
the fixed point small '"dilatation anomalies'" govern the 
flow of couplings in the vicinity of the fixed point. We 
emphasize that these statements hold for the effective ac- 
tion F which includes all effects of quantum fluctuations 
- the fixed point may typically even be generated by the 
quantum fluctuations. 

The central idea for a solution of the cosmological con- 
stant problem T| argues that the effective cosmological 
constant A vanishes precisely at the fixed point. It is then 
sufficient that cosmological " 'runaway solutions" ' drive the 
fields into the region of the fixed point as time t increases. 
For a cosmological runaway solution the values of fields are 
not static but continue to change for all times. Only for 
t — )■ 00 the field equations derived from the fixed point ef- 
fective action become accurate. Since such a fixed point is 
generally reached only asymptotically for t — >■ oo, it is only 
in this limit that the field equations exhibit an exact di- 
latation symmetry. For finite t the dilatation anomalies are 
still present, although their effects are small since they have 
to vanish for f — > oo. Based on this scenario a dynamical 
form of homogeneous dark energy has been predicted long 
before observational discovery flj. (See also the subsequent 
papers 

At the fixed point all memory of mass or length scales 



is lost and the quantum effective action becomes dilata- 
tion symmetric. In other words, the dilatation anomaly 
vanishes when it is evaluated for the field configurations 
corresponding to the fixed point @. In consequence, a 
scalar field becomes massless in the asymptotic limit, cor- 
responding to the Goldstone boson of spontaneously bro- 
ken dilatation symmetry. For the approach to the fixed 
point the dilatation anomaly is not yet zero, and corre- 
spondingly the scalar "pseudo-Goldstone boson" still has a 
small mass, that vanishes only asymptotically. These ideas 
are realized in practice in quintessence cosmologies, where 
the "cosmon" -field plays the role of the pseudo-Goldstone 
boson of spontaneously broken anomalous dilatation sym- 
metry 0. The cosmon mass is varying with time and 
of the order of the Hubble parameter (2l . 

The cosmological approach to a fixed point may also ex- 
plain why the time variation of fundamental parameters 
as the fine structure constant or the electron to proton 
mass ratio is very small 0, If such couplings run 

towards a nonzero fixed point in dependence of the time 
varying cosmon field moving to infinity for t — >■ oo, the 
field-dependence and therefore the time dependence is ex- 
pected to be small close to the fixed point. An interest- 
ing exception may be a relatively slow approach to a fixed 
point (or a weak instability) in the gauge singlet sector of 
physics beyond the standard model - this could result in 
time- varying neutrino masses and the scenario of " 'growing 
neutrino quintessence" ' . 

It is a crucial ingredient for the validity of the fixed point 
scenario for the solution of the cosmological constant prob- 
lem that the cosmological constant A vanishes precisely 
at the fixed point. We have argued that a higher dimen- 
sional setting sheds new light on this issue Q, [f3|. In a 
series of two joint papers we therefore investigate higher 
dimensional models for which the quantum effective ac- 
tion F exhibits an exact dilatation symmetry. Our central 
finding states that the cosmological constant problem is 
indeed solved if F is dilatation symmetric. There are al- 
ways extrema of F for which A vanishes. The remaining 
issue concerns the question if interesting particle physics 
obtains for those extrema. 
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The first paper [12| presents the general ideas and dis- 
cusses the " 'flat phase" ' in the space of possible extrema 
of r which results in a vanishing four-dimensional cosmo- 
logical constant A. Simple examples of higher dimensional 
geometries demonstrate that the flat phase can be real- 
ized for an almost arbitrary form of the dilatation sym- 
metric effective action for a scalar-tensor-theory, provided 
that the fixed point effective action does not contain a non- 
polynomial potential for the scalar field. 

In the present paper we extend these findings by a discus- 
sion of the most general warped geometries with maximal 
four-dimensional symmetry and internal SO{d — 4) isom- 
etry. The solutions of the d-dimensional field equations 
admit arbitrary A - the cosmological constant appears as 
an integration constant of the general solution. We show 
how the extremum conditions for F restrict the allowed 
values of the integration constants and enforce a vanish- 
ing cosmological constant. We find that the existence of a 
"fiat phase" of extrema of F which lead to A = is a very 
general feature and discuss the associated "self-tuning" of 
the cosmological constant. The additional dimensions are 
crucial for this mechanism. 

For the specific case of SO{d — 4) isometry we will find 
that the extremum conditions turn out to be so strong 
that all geometries with this symmetry lead to a diverg- 
ing four-dimensional Planck mass. While this precludes 
the realization of SO{d — 4) symmetry together with four- 
dimensional Poincare-symmetry for a realistic compactifi- 
cation, the general conditions leading to A = remain valid 
for much more general solutions with reduced symmetry, 
for which a finite Planck mass may be found. 

The basic object of our investigation is the quantum ef- 
fective action F where all quantum fiuctuations are already 
included. The field equations derived from F are exact 
without any further quantum corrections. We do not pos- 
tulate here that the effective action of a fundamental the- 
ory is dilatation symmetric - in general, it is not, due to 
dilatation anomalies. We only make the hypothesis that F 
has a fixed point for certain asymptotic field values to be 
specified below. Only in this asymptotic limit the dilata- 
tion anomaly vanishes - the "fixed point effective action" 
is dilatation symmetric. We emphasize, nevertheless, that 
a dilatation symmetric effective action is also the starting 
point for approaches where dilatation symmetry is realized 
as an exact quantum symmetry [l3| . (For early discussions 
of a dilatation symmetric standard model see [11], [l^.) 

For a pure gravity theory in d dimensions the most gen- 
eral dilatation symmetric effective action takes the form 



the effective action may also depend on fields other than 
gravity. In this paper we first concentrate on gravity cou- 
pled to a higher dimensional scalar dilaton field and turn 
back to the action ([1]) only in sect. IXII 

We can write the most general form of a dilatation sym- 
metric quantum effective action as 



(2) 



where C = F va the case of pure gravity. Dilatation trans- 
formations correspond to a rescaling of the metric by a 
constant factor , 

g[.u ^ a'ffA^ , 9^'^ ^ ^^9^'^ ^ ^ (3) 

A dilatation symmetric effective action remains invariant 
under these rescalings. This requirement also fixes the scal- 
ing of an additional d-dimensional dilaton field. 

The special role of dilatation symmetry for the existence 
of a flat phase of solutions with a vanishing cosmological 
constant is visible already for the most general form of a 
dilatation symmetric effective action. We are interested in 
solutions with a block diagonal metric 



(^{y)9)^u {x) 







[D] 



(y) 



(4) 



with x'' the four-dimensional coordinates and y°' coordi- 
nates of internal space, with corresponding metrics (^^t'' and 
g'"^\d = D + 4. The function a{y) accounts for a possible 



warping \]3M, \2L 
define 



With gV2 = (^(4))l/2^2(^(D))l/2 



W{x)= {g^''\y)y^'a\y)C{x,y), 



such that 



F= (g^'^y^'W, 



we 



(5) 



(6) 



The scaling under dilatations (gj^J — >■ a^g^^v , 5^^' 
9ai3 ) implies 



(7) 



F = / g'/^FiR^opa), 



(1) 



with = J d'^x and g — —det{gfip). Here F transforms 
as a scalar under general coordinate transformations and 
has therefore to be constructed from the curvature tensor 
RfiOpa and its covariant derivatives, contracted with ap- 
propriate combinations of the inverse metric g^'^ . (We use 
hats for d- dimensional objects and indices.) Dilatation 
symmetry forbids the use of parameters with dimension of 
mass or length in the construction of F. More generally, 



Every extremum of W realizes an extremum of F in the 
flat phase (l^ and implies A = 0. Indeed, an extremum 
of W can only occur for field conflgurations for which W 
vanishes, Wq = 0. This follows from the use of a neigh- 
boring rescaled field configuration ^ with a = 1 -f e. 
For an extremum of W the variation with e has to van- 
ish, de{l + e)~'^Wo = 0,thus Wq = 0. In consequence the 
variation of F also vanishes 



ST 



(8) 
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realizing an extremum of T. This extremum occurs for 
Tq — 0, such that for any effective four-dimensional the- 
ory this results in A = 0. This follows for solutions with 
maximal four-dimensional symmetry where 

To = - / [g^'^y^'x'A, (9) 

with X the effective four-dimensional reduced Planck mass 
(x^ = Mp/Sir). This property of the flat phase is very gen- 
eral and does not change if we add additional fields to the 
dilatation invariant effective action as, for example, a scalar 
^ in a scalar-tensor theory. 

The paper [l2j has focused on two issues: 

(i) The existence of extrema of W for a large class of 
dilatation symmetric effective actions. 

(ii) The dimensional reduction to effective four- 
dimensional gravity and the establishment that 
A = in the flat phase. 

Furthermore, a demonstration that an effective action 
which admits a fiat phase does generically not allow other 
extrema with arbitrarily small |A| is given in ref. [loj . 
In particular, there are no continuous families of extrema 
where A appears as a continuous parameter. This issue is 
important for warped geometries with singularities where 
the existence of families of solutions of the higher dimen- 
sional field equations with continuous A is known [l6| , [l7j , 
. We will see that the extremum conditions for F go be- 
yond the higher dimensional field equations [l^ . They pre- 
cisely select the solutions with A = out of the continuous 
family of solutions. 

The investigations of this paper are mainly based on the 
simplest possible dilatation symmetric effective action for a 
scalar-tensor theory, but the results are much more general 
as we argue in sects. |Xl|Xll In the course of our discussion 
we will explicitly address the issues of quantum corrections, 
"tuning of the cosmological constant to zero" , and "natu- 
ralness" of the solutions with A = 0. Many general aspects 
are already discussed in Q, [l^] and not repeated here, 
such that we concentrate more on specific solutions. We 
find rather satisfactory answers to the naturalness prob- 
lem. Asymptotic dilatation symmetry in higher dimen- 
sional theories may indeed provide the key for a solution 
of the cosmological constant problem. 

Our paper is organized as follows: In sect. |TT]we start 
with a simple dilatation symmetric effective action for a 
scalar-tensor theory and perform a convenient Weyl scal- 
ing. Sect, mil discusses the most general form of the qua- 
sistatic solutions with SO{D) isometry (as well as particu- 
lar solutions with reduced isometry) . This class of solutions 
shows the cosmological constant A as a continuous free 
integration constant, together with other free integration 
constants. The general solution has up to two singularities. 
The properties of the metric close to the singularities are 
investigated in sect. IIVI The presence of the scalar field 
allows for a richer spectrum of possibilities than for pure 
gravity Sect. El establishes criteria for obtain- 

ing an effective four-dimensional gravity, including cases 



where the volume of the D-dimensional subspace is infinite 
[2H , [l^] ■ They are applied to select solutions which are ac- 
ceptable from this point of view. In sect. I VII we classiiy the 
singular solutions into "zerowarp solutions" , first discussed 
in [3| and "warped branes", first investigated in (TJ- A 
discussion of the global geometrical properties in sect. IVIII 
closes the investigation of the most general solutions with 
SO{D) isometry. 

The second part of the paper deals with dimensional re- 
duction to effective four-dimensional gravity. In sect. I Villi 
we perform the reduction for the warped geometries with 
SO{D) symmetry. The effective four-dimensional action 
depends on the integration constants which appear in the 
most general solution of the d-dimensional field equations. 
We show in sect. IIXI that the requirement that acceptable 
solutions should also obey the four-dimensional field equa- 
tions severely restricts the allowed integration constants. 
Indeed, the four-dimensional field equations are more re- 
strictive than the d-dimensional field equations since they 
refiect the extremum condition for arbitrary field variations 
which are local in four-dimensional space, but not neces- 
sarily in d-dimensional space. (The d-dimensional field 
equations correspond to variations which are local in d- 
dimensional space.) In particular, we find that the addi- 
tional constraints leave A = as the only possibility. 

We extend our arguments to a much more general form 
of the dilatation symmetric effective action in sect. [X] We 
present the general argument that stable compactifications 
with finite four-dimensional gravitational constant and ^ 7^ 
must have A = 0. For these extrema of F both the 
dilaton and the radion have a vanishing mass. The radion 
corresponds to a rescaling of the characteristic length / of 
internal space while keeping ^ fixed. One may ask if the 
small mass of the radion away from the fixed point could 
turn it into a dark matter candidate. 

In sect. IXII we discuss pure higher-dimensional grav- 
ity theories in the light of these findings. We show that 
a fiat phase with A = still exists in the absence of 
the d-dimensional dilaton field ^. The role of the four- 
dimensional dilaton is now played by I and coincides with 
the radion. We briefiy address the possibility of "ge- 
ometrons" - four-dimensional scalar fields with a flat po- 
tential in the limit of a dilatation symmetric F. They cor- 
respond to deformations of internal geometry within the 
space of extrema of F which keep the characteristic length 
scale I for internal geometry fixed. For the cosmology of the 
present epoch, which has not yet reached the fixed point, 
the geometrons acquire a small mass and one may again 
speculate about possible candidates for dark matter. 

Our conclusions in sect. IXIII discuss the self-tuning of 
the cosmological constant to zero in the higher dimen- 
sional context. Two appendices investigate the special case 
of warped branes for five-dimensional dilatation symme- 
try and explore the possible class of Z?-dimensional hy- 
perbolic Einstein spaces with finite volume and isometry 
SO{Di + l) X SO{D-Di). 
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II. DILATATION SYMMETRIC GRAVITY IN 
HIGHER DIMENSIONS 

Our starting point is the d-dimcnsional dilatation- 
symmetric action 

r = I g'/^f^-leR+^d^'m]- (10) 

This is the simplest form of the dilatation symmetric effec- 
tive action in the presence of a scalar field Dilatations 
involve a rescaling of ^, 

e^a-^^, (11) 

in addition to the rescaling of the metric ([3]). One may 
speculate that it corresponds to an exact "ultraviolet" fixed 
point in arbitrary d in the limit £, —?' oo. The existence of 
such a fixed point could be related to the formulation of a 
consistent quantum gravity. Corrections to eq. (|10l) would 
then correspond to deviations from the fixed point. Be- 
sides diffeomorphism symmetry and dilatation symmetry 
the action ^TU\i exhibits the extended scaling of the field 
equations discussed in [l^l . We observe that for fixed mo- 
menta we obtain a free theory in the limit ^ — > oo if we 
expand around flat space. This adds to the plausibility for 
the existence of such a fixed point. 

1. Field equations 

The field equations obtain by variation of the effective 
action (|10p with respect to the dilaton ^ and the metric 

c^^e + k = o, (12) 

and 

e - ^%^) (13) 

Here is the d-dimensional covariant derivative, = 
D^Dfi and g — — det(5/ij>). We are interested in cosmo- 
logical solutions where the "ordinary" four space-time di- 
mensions (with coordinates x^, fi — 0, . . . , 3) and internal 
space (with coordinates = 1,...,D) play a differ- 

ent role. (Higher dimensional indices /t run from zero to 
d— l,d = D + A.) Contracting eq. (|T3l) yields 

eR = cd^-^cd,^+'^-^^D^e (14) 

and therefore 

r = -^/a,{5^/W}. (15) 

For all solutions with a vanishing boundary term the ac- 
tion vanishes. According to our discussion in the introduc- 
tion this implies a vanishing four-dimensional cosmological 



constant for any extremum of F which admits a dimension- 
ally reduced effective four-dimensional theory. A simple 
solution of the field eqs. p^ . is 

i?A^-0,e = ^o. (16) 

In particular, a geometry A4'^ x , with A4'^ fiat four- 
dimensional Minkowski space and a ZJ-dimensional 
torus with finite volume d , solves the field equations and 
corresponds to an extremum of F. Dimensional reduction 
leads to consistent four-dimensional gravity with a nonzero 
effective Planck mass and vanishing effective cosmological 
constant A = 0. This demonstrates that solutions in the 
flat phase always exist for the effective action (ITU|) . 

2. Weyl scaling 

For a systematic discussion of solutions of the field equa- 
tions it is convenient to perform a coordinate change in field 
space by a Weyl scaling 

5A!> = w'^gfLO- (17) 

This results in 

R = w-^ {R - fddi^ \nw dp,\nw- gaD^ In w) , (18) 

and fciTgd constants depending on d. Insertion into the 
action yields 

r = ^ / g'/'W^-'e (19) 

{-R + fdd^ In w df, In w + gaD^ In w 
Hd^ln^ a^ln^}. 

The indices are now raised and lowered with the metric 
and this metric is also used for the connection in the 
covariant derivatives. Also R is the curvature scalar com- 
puted from g^i>. Choosing 

w = MdC^ (20) 
and omitting the total derivative ~ g^ one obtains 

'■ = ^/-'"={-«+(^ + (5^)«"i°';«*'°f}- 

(21) 

We can associate with the d-dimensional Planck mass. 
Using a rescaled scalar field 

1/2 

6={C+ J^^) HUMf-^^'^) (22) 

we arrive at 

r = j ~g^'^-R + 31^5 d~^5}. (23) 

This action contains a higher dimensional Einstein term 
and the kinetic term for a free scalar field. A multiplicative 
scaling of ^ corresponds to a constant shift in 6. Thus 
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i5 is the Goldstone boson corresponding to spontaneously 
broken dilatation symmetry in a nonlinear field basis. 
The field equations derived from the action (f23|) . 



D^S = 0, 



2^9 p-o 



(24) 
(25) 



are exactly equivalent to the field equations p^ . p^ . Wc 
have only made a change of variables ([T7| , (|20|) , (|22t . They 
are, however, much easier to solve. In particular, the con- 
stants C and Md do not appear anymore - they influence 
only the translation to g^i> and ^. Contracting the second 
equation yields 



R = df,5 



-D'S 



2r2 



(26) 



where the last two identities use eq. (|24|) . For all solutions 
of the field equations the action (|23|) vanishes. 
An obvious solution of the field equations is 



S = const, Rnp — 0, 



(27) 



corresponding to ^ = const, Rjxo = 0. The correspond- 
ing geometry could be d-dimensional Minkowski space, or 
a direct product of four-dimensional Minkowski space and 
a Ricci-fiat D-dimensional internal space. If internal space 
has finite volume the effective four-dimensional action 
is well defined. It has indeed a vanishing cosmological con- 
stant and a four-dimensional reduced Planck mass M given 
by = M^~^Vlr). For a Ricci-flat space with non-abelian 
symmetry the four-dimensional theory will exhibit a non- 
abelian gauge symmetry. For an arbitrary isometry of in- 
ternal space the four-dimensional gauge coupling is finite 
and nonzero. We want to learn more about the general 
solution and consider next geometries with warping and a 
possible non-uniform ^ or 5. 



III. WARPED SOLUTIONS 

In this and the next sections we discuss possible solutions 
for the ansatz 

/ (T(z)glt^(a;) , , 
gi.o{x,y) = , i2 ^ 

V , , L^p{z)-g^p{y) 

5{x,y)=5{z). (28) 
Here D — \ coordinates form a homogeneous space, 

R^-p = Cg^-p. (29) 

The internal coordinates y°' and z are dimensionless and 
L denotes the characteristic linear size of internal space. 
The four-dimensional metric g\^} is used to define the four- 
dimensional Ricci-tensor and we assume 

B!^=^i^'9'^ , ^ = ±1- (30) 



The limit L oo corresponds to flat four-dimensional 
space with a vanishing cosmological constant, while finite 
L with e = lore = — 1 can describe four-dimensional 
de Sitter or anti-dc Sitter space, with positive or negative 
cosmological constant, respectively. 

1. Warped field equations 

If we choose for g^p (y) the metric of a D — 1-dimensional 
hypersphere, our ansatz exhibits an S'0(Z?)-isometry. Fur- 
thermore, we may assume that g^J{x) describes a four- 
dimensional space with maximal symmetry. In this case 
our ansatz describes the most general metric which is con- 
sistent with these symmetries. It is therefore well suited 
for a systematic study of all possible solutions that share 
SO{D) and maximal four-dimensional symmetry. Still, 
it contains enough freedom to account for warping and 
a non-constant 5{z). For given constants L,L,e we have 
to solve three differential equations for the three dimen- 
sionless functions a{z), p{z), S(z), which depend on the 
dimensionless coordinate z. The function (t(z) is the warp 
factor. 

Let us start with the scalar field equation 
D'S = r^'^df,{g^'^dH) 

= <7-^p-^d,{a^p^d,^6)L-^ = 0. (31) 
Denoting z-derivatives by primes this reads 



(32) 



(33) 



5" + 2^5' + ^P^S'^0. 
a 2 p 

The general solution is 

5' = E(j-^p — 

with E a free integration constant. 

For the gravitational field equations one has 

2i?^. - R~g^,u = L-^ |-2e a-^ - {D ~ l)Cp-^ 

+i^ + hD-l)P-- + {D-lf-+ (34) 
(J I pa p 



\{D-l){D-,) [E- 



2i?a« - R~g^n = <^ -4e ^ - {D - 3)Cp 




-L-H'^~g^,, 



+ 2{D-2)^- + {D- 2)^ (35) 
pa p 



-^{D-2){D-^)['-] \~g^-p = -L-H'^~g^p, 



'^Rzz — Rgzz — L 



-4e 





2 


f) 


a 








a' 




a 



(36) 



+ \iD-l)[D-2) 



r-2 x'2~ 

L d g^z- 
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Only three of the four equations (l32l) . (I34l) - (l36l) are inde- 
pendent. Subtracting eq. p4p from cq. ([55]) one finds 



y2 = -Cp- 



cr / a 



p cr 2 \p ) 2 p 



and the difference between eqs. p6p and ([M)) yields 



2^^; 2 a V pa 



On the other hand, the derivative of eq. (p6| implies 



= 



cr 
cr 



(38) 



+3 



P cr 



2)(^ 



^4 

/\ 2 



p' 



-2-(5'^ - 
cr 



(39) 



where the second identity uses eq. ([32|). Multiplying eq. 
([551) with -2cr7cr and eq. dST]) with -(£> - l)p7(2p), and 
taking the sum yields eq. p9p . For a solution it is therefore 
sufficient to obey two suitable linear combinations of eqs. 
and the scalar field equation (15^ . 

Once S' is expressed in terms if a and p by eq. (|33l) , we 
therefore end with two second order differential equations 
for cr and p. The local solution around some point zq has 
four integration constants, cr(zo), o''(zo), p{zo) , p' (zq) . They 
are not independent, however, since eq. (j36l) yields a rela- 
tion between the four integration constants which depends 
on e{L/ Vf' . In other words, we may take 



(40) 



as one of the integration constants. For fixed A, eq. 
((36)) constitutes a relation between cr(zo), cr'(zo), p(zo) and 
p'{zq), and only three further integration constants are left. 
For fixed A it is also obvious that the solutions of the sys- 
tem of equations (IM)) - (I551) are independent of L. 

2. Reduction of field equations 

One can express the derivative p' / p in terms of a. For 
this purpose we use eq. p6p and the combination of eqs. 



34l) . (|35|) that does not contain a term ^ p" , i.e. 

^ 2DAa-^ -{D-l)Cp-^ -{D + 2) — 

a 



a j L pa 



(41) 

Combining this with eq. (|36p yields the important identity 

(42) 



p' o' . . „i „ (a'^ ' 



(i^_l)^^^=4Aa-i-2— -2 - 
p cr a \a 

It indeed allows us to express p'/p in terms of a and its 
derivatives (for a' ^ 0) 



(43) 




cr \ cr 

Using the variable 



(44) 



s = In I — 



(45) 

we can now write eq. ([55| as a third order differential 
equation 

,„ D (s'r 4 



2 A „ 



D-lao 



D - 1 
1' 



1 

{D + iy— + {D + i)s' 

a' 



2 „/ ~ ^4 ^ P 



£> - 1 cr^ S 



cr, 



(46) 







For E — the scalar field plays no role and eq. (|46|) de- 
scribes possible solutions to higher dimensional Einstein 
gravity. In this case no explicite p-dependence is left in 
eq. (|46l) . For A = 0, one has a second order differential 
equation for U = s' , which has been discussed extensively 
in Is"!, fig*!, and, for the special case D = 2, in This 
equation typically has solutions with singularities. 
In terms of the variables s and 



= (D- l)ln-^ +41n — 
Po o-Q 



eqs. (123) and ^ read 



s" + -v's' - 2—e-' = 0, 
2 ao 



(47) 



(48) 



1 



2(^-1) 



[v'^ -8v's' + AiD + 3)s'^] (49) 



-2E^a,^Po^''-'^e-- = 0. 
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Eqs. (|48p and p9|) are equivalent to the two linear com- 
binations of eqs. that are independent of C. As 
long as cr' 7^ (or s' ^ 0), they are also equivalent to 
the coupled system of equations P5|) and . In the spe- 
cial situation E — 0, the latter equations decouple in the 
sense that one can solve first eq. (|46|) independently of an 
explicite computation of p, and subsequently determine p 
from eq. (gS]). The use of eqs. (gS]), dH]) has the advan- 
tage that the special solutions with flat four-dimensional 
space (A = 0) or constant scalar field {E = 0) are particu- 
larly apparent. An extensive discussion of the solutions for 
A = i? = can be found in ref. (l9| . 

3. Initial conditions and integration constants 

We recall, however, that the initial conditions for the 
numerical solution are constrained by eq. ([55]) . It is at this 
place that the geometry of the D — 1 dimensional subspace, 
i.e. the constant C, enters. We may choose the initial 
condition for the solution of eqs. pS)) . at some point 
zq. Instead of the two initial values s(zo) and v{zq) we 
may consider ctq and po as the corresponding integration 
constants. This allows us to use for all solutions a fixed 
prescription of the additive constants in s and v, as, for 
example, 5(2:0) = w(zo) — 0. The dependence on uq and pQ 
can be partly absorbed in the definitions 



A 



•2-i-{D-l) 



A = — , E'^E'o^^p-^ 
Co 



(7=i^^. (50) 



At this level we have three integration constants A, E^ and 
C, while the overall normalization of ctq is irrelevant and 
plays no role after the redefinition of the integration con- 
stants. We remain with two free further integration con- 
stants, e.g. s'{zq) and v'(zq). Only one of them is indepen- 
dent. Indeed, eq. ([36]) yields the relation 



D-2 



2v's' -{D + 3)s'' 



(D - 1) E^e-"" + Ce— + 4Ae- 



(51) 



Furthermore, we can often choose zq conveniently such that 
either v'{zo) or s'(zo) has a standard value, as ±1 or 0. we 
are thus left with three continuous physical integration con- 
stants, namely E, C and A. Due to translation invariance 
in z, we also may choose for zq a standard value, as zg = 
or zq = 1. 



IV. STRUCTURE OF SINGULARITIES 



1. Powerlike singularities 

We first look at possible singularities with a powerlike 
behavior 



a = o-qz , p = Pqz'^, 



where eq. (|42|) implies, for 77 > —2, ?7 7^ 0, 

2 + 47J 



(52) 



(53) 



Indeed, for 7y > — 2 we can indeed neglect the terms ^ A 
in the vicinity of the singularity. Similarly, for 7 < 2 (or 
77 < Y — 1) we can neglect the terms ^ C. For the "internal 
volume factor" the relation ([55)1 implies 



(54) 



p 2 o- ~ z. 



such that the volume integration near the singularity re- 
mains finite. 

On the other hand, one finds 



S'^^E'z^ E' = E^a^^p^^''-'\ 



(55) 



such that the terms ^ E'^ influence the behavior near the 
singularity. We may determine rj from eq. (1361) 



E^ = 37j' - 2{D - Ijr^j + ^{D - 1){D - 2)j^ 



D 



2 - 477 -(^ + 3)77'}, 



(56) 



or 



D 



^2±^J{D-l)[D + 2-E^{D + 3)]^ 



(57) 

This leads us to the interesting observation that the 
strength of the singularity, as expressed by the "singular 
exponent" 77, depends on the inte grat ion constant E. This 
differs from earlier examples [l^ , jl8j | , @ , [l^ where 77 was 
found to be determined only by D. 

We note that for 7 < 2, where the terms ~ C can be 
neglected near the singularity, the singular solution ([52]) . 

(|57|) automatically obeys eq. (gT]) and therefore solves 
the complete system This is not guaranteed for 

7 = 2, where eq. (gT|) (or eq. yields an additional 

constraint for C. 

The maximal and minimal values of 77 are reached for 
E-^0 



The generic solutions to the field equations will have one 
or two singularities. This is reminiscent of Einstein gravity 
in four dimensions in absence of matter, where the nontriv- 
ial static radially symmetric solutions all show a singularity 
- the black hole. It is therefore useful to classify the singu- 
larities. This can be done with the help of eq. (|42|) . which 
relates a possible singular behavior of a with the one for p. 



V{D-l){D + 2)-2 /{D + 3), 



^{D -l){D + 2) + 2 /{D + 5), (58) 



V- 



with r]±{D) taking the values 77+ (2) ~ 0, 7/+ (3) = (vlO — 
2)/6, 77+(cx3) = 1, 77_(2) = -4/5, 77.(3) = -{VTO + 
2)/6, 7y_(oo) = —1. For all finite D the allowed values 
of 77± are in the range —1 < ri± < 1. For E^ > the two 
solutions obey rj^ < 7/12 < 77+ and approach each other 
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as E'^ increases. They coincide for E'^ = {D + 2)/{D + 3), 
with 



D + 3 



(59) 



No solutions with real r] exist for E^ > E^. We finally note 
that for 13 = 1 all solutions with a powerlike singularity 
have rj — —1/2, E'^ — 3/4. (The quantities 7 and C have 
no meaning in this case.) 

2. Special cases 

In principle, we could have modifications of eq. (j57p for 
the special case 



D 

7 = 2 , ry = y -1. 



(60) 



Now the terms ^ C can no longer be neglected and one 
finds from eq. ([36| the condition 



(61) 



C + ^{D - 2){D + 2) + E^ =0. 



Such solutions can exist for C < 0, or for D = 2 if £^ = 
(C vanishes for D = 2), or for 13 1 for ^ |. The 
choice C < leads, however, to a contradiction with eq. 
(IM)) and must be excluded. The cases with (7 = are 
contained in eqs. (1571) . which therefore describe all 

possible singular behaviors. For singularities obeying eq. 
([SS)) . we observe that 7 < 2 holds for all 13 > 2, while 
7 = 2 is reached for _D = 2 and rj — 7]+ {E — 0). In 
conclusion, the term ^ C can always be neglected close to 
the singularity, if ^ 0, 77 > — 2. 

As particular cases we may investigate singularities con- 
sistent with eq. which show singular behavior only 
in the function p, while a is regular. In the vicinity of the 
singularity at z = we may study the ansatz 



(62) 



p = PqZ^, cr = (To 1 + TT'tz 



for which eq. (|42p implies for z 

[(Z3 - 1)7 + 2] K = 4Aao-i. (63) 
For 7 < 2, the leading singularities in eq. cancel for 



7 



2 ~, Z3-2 . 1 

E^ = . K = Aan^ 



D-1 



(64) 



Similarly, solutions with singular a and regular p are pos- 
sible for 



cr = aoz^/^, p = po, E^ 



(65) 



For C = D - 2, E = 0, A = 0, po = 1 this describes flat 
space with a constant scalar field S - an obvious solution 
of the field equations. (A flat torus, C = i? = A = 0, p = 
Po, cr = (To, is also a solution.) More generally, for po = 
C/{D — 2) the point z = describes a regular fixed point of 
the rotational isometrics acting on the Z3 — 1 dimensional 
subspace parameterized by y". (For the sphere S^^^ , with 
C = D — 2, the isometrics form the group SO{D) and the 
rotational isometrics are SO{D — 1).) For D = 2 one has 
C — and po ^ 1 describes a canonical singularity [8] . 

For a behavior of the type (|66p we find a constraint from 
eq. (ga) 



iD-l){D-2) 



C_ 

72 



^2^-2(15-1) 



(67) 



For D > 2 such solutions are only possible for E = and 
C/po = 13 — 2. In particular, all regular solutions of the 
type (1551) have a constant scalar field. For D = 2 the l.h.s. 
of eq. (1671) vanishes, implying again E = and a constant 
scalar field. The solutions with a constant scalar field and 
a behavior (l66t have been investigated in ref. p^ . 

3. Exact power solutions 

For the special case A = 0, C = the power like solu- 
tions (|52p are exact. They are actually the most general 
solutions. Indeed, we can combine eqs. (|49|) and (|5T|) to 



4/ 



0. 



The general solution 



u = — , w = 21nz + wo 



(68) 



(69) 



has used a first integration constant in order to have the 
singularity at z — 0. Eq. (|48)) takes the form 



s H — s = 
z 



with general solution 



s = , s = —rjmz + So. 



(70) 



(71) 



We can set vq = so = since these integration constants 
can be absorbed by (To and po. This yields 

(T = CToZ ' , P = Po2:^ , 7 = 7JT~Y ^ 

as the most general solution. Insertion into eq. (j5ip finally 
determines 77 according to eq. (1571) . No further constraint 
restricts po, which is therefore a free integration constant. 



The singularities (|M|) . (p5|) can be regarded as special cases 
of eqs. (jlSl), dSIl). 

Finally, an interesting class of possible solutions are char- 
acterized by the limiting behavior for z — ^ 



p = PqZ , (T = (Tq. 



(66) 



V. WARPED SOLUTIONS AND LOCAL 
FOUR-DIMENSIONAL GRAVITY 

In this section we show that all realistic solutions with 
a consistent four-dimensional gravity should have two sin- 
gularities if -E 7^ 0. For this purpose we have to classify 
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the possible behavior for z — ±(X), and to define the cri- 
terion for a finite effective four-dimensional gravitational 
constant. More generally, we discuss properties of the so- 
lutions which lead to an effective four-dimensional gravity 
at long distances. 

1. Number of singularities and types of warped 
solutions 

Solutions with no or one singularity could approach finite 
nonzero values oia{z) and p{z) as 2 — cx) or z — —00. Eq. 
(|42]) tells us that this is only possible for A = 0, while the 
combination of eqs. ([M)) and ([M]) yields C = 0, £^ = 0, 
such that this option cannot be realized for E ^ Wc 
conclude that all solutions with a non-constant scalar field 
must either have two singularities that we may locate at 
2 = and z = z > without loss of generality, or else at 
least one of the functions p{z) or <j{z) must approach zero 
or diverge as z — cx) or z — >■ —oo. 

For a discussion of the possible types of solutions for 
z — > ±cx) we may again assume a powerlike behavior (|52p . 
Eq. (H^ admits three types of solutions. For the first, 
a goes to a constant, vanishes or increases less fast than 
z^ (77 > —2). This is only possible for A = 0. The ex- 
ponent 7 obeys eq. ((53|) and therefore 7 > —Q/{D — 1). 



For the second type, cr increases 



This 



requires 7 = 2(A — 3)/(£' — 1). The third type of solu- 
tions has the leading behavior (|53l) with ry < — 2, 7 = 
(2 + 4rj)/{D - 1) < -6/(D - 1), and the term ~ A is sub- 
dominant for the asymptotic behavior. The case 77 = —2 is 
the boundary between the first and third type of solutions. 
It is remarkable that for all solutions with an asymptotic 
behavior 77 > —2 the integration constant A must vanish. 
On the other hand, eq. ([55t can be obeyed for C 7^ only 
if 7 > 2. Solutions of the third type could therefore exist 
only for C = 0. In this case, however, eq. (|57|) applies 
and therefore 77 > —1. We conclude that the third type 
of solutions cannot be realized. For the boundary case we 
consider first 7 > 2 or C = 0. Then the term ~ C in eq. 
(p6| can be neglected and we find for 77 = —2 the relations 



p-l)p-2)7' + 2(i?-l)7, 



A = -p- 1)7 + 3. 



(73) 



For the special case 7 = 2, eq. ((36|) relates & to C 
,7 = -2, 7 = 2, = {D-l){D + 2)-C, A = D + 2. (74) 



For the first type of solutions with A = 0, eq. ((57)) 
holds if C = or 7 > 2. Then the maximal value for 7 is 
6/{D — 1), excluding solutions with 7 > 2 for _D > 3. For 
D = 3 the condition 77 > 1/2, required for 7 > 2, is not 
compatible with eq. (|57l) . We conclude that all possible 
solutions of the first type (77 > —2) must have 7 = 2 or 
C = 0. The solutions with 7 = 2 obey 

77=^-1, 7 = 2, ^-^iD-2)iD + 2)-C , A = 0, 

(75) 



while for C = one has a range of critical exponents related 
by eqs. dSni) and §7^i to E^, 



77 > -2 , 7 > 



6 



D-1 



C = , A = 0. 



(76) 



Thus for 13 > 2 all solutions of the first type need C < 0. 
At this stage, the possible asymptotic behaviors for z — > 
±00 are given by eqs. ([73 ]) -([76 ]) . 



2. Requirement of consistent four-dimensional 
gravity 

We next restrict our general discussion to solutions 
that lead to an acceptable four-dimensional gravity. Af- 
ter dimensional reduction the effective Planck mass M — 
(87rGAr)-i/2 obeys 



(77) 



Here we define such that it includes a factor Vd-i corre- 
sponding to the volume of the D — 1 dimensional subspace 
parameterized by the coordinates y"'. For a powerlike be- 
havior (1521) near a singularity at z = 0, or for z — !■ 00, eq. 
(|551) implies 



ap 



-v+- 



(78) 



Finiteness of the gravitational constant requires near a 
singularity 77 > —2, while for z — )■ 00 one needs 77 < 
—2. If these conditions are not obeyed, an effective four- 
dimensional description of gravity at long distances is not 
possible. Dimensional reduction is not meaningful in this 
case. As we have seen above, asymptotic solutions for 
z — >■ 00 with 77 < —2 are not compatible with our system 
of equations. In consequence, the only realistic solutions 
admitting four-dimensional gravity must have two singu- 
larities, one located at z = 0, the other at z = z. (For 
E = 0, one of the singularities can be replaced by the reg- 
ular behavior (1661) .) 

The structure of the solutions near z = z is the same as 
for z = 0, 



cr(z - z) p = p(z - z)^. 



(79) 



However, the exponents 77 and 7 may differ. This differ- 
ence can arise from the different sign characterizing the 
two solutions ([57]). Also the constants E^, C, A are now 
replaced by E^,C, A, which are defined similar to eq. (j50l) . 
but with a, p replacing ctq, po- For aU solutions of eq. (f57|) 
one has 77 > —1, such that in eq. ([771) well defined. 
As we have discussed before, the general solution has three 
continuous integration constants which may be chosen as 
the constants E"^, C, A in the vicinity of the singularity 
at z = 0, with po and cto defined by eq. ([5^ . A given local 
solution in the vicinity of z = has then to be extended to 
larger z until a new singularity is reached. 
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VI. GEOMETRY NEAR SINGULARITIES 

1. Cusps, cones and infinitons 

Let us consider the geometry of the solutions with sin- 
gularities somewhat closer. We first note that, in general, 
the singularities are true singularities, and not coordinate 
singularities. For E ^ Q the curvature scalar diverges at 
the singularities, 

R{z ^0) ^ E^L-^a-^p-^''-^^ ^ £;2^4^-(D-ih 

= (80) 

and similar for z — ^ z. This divergence is not integrable, 
since the volume element ~ J dza'^p^^ ~ J dzz leads 
to logarithmic singularities in g^^'^R. The trace of the 
energy momentum tensor shows a similar divergence, which 
can be considered as the source for the singularity in R. For 
the action, the two singularities cancel such that F = 0. We 
note that 6{z) diverges logarithmically at the singularities. 
With 

5'{z ^0) ^ Ea-^p-^ Ez^^ (81) 

one finds 

5{z ^Q) ^ E\nz , 5{z -> z) E ln(z - z). (82) 

Since a and p are both positive, 5 increases (decreases) 
monotonically for i5 > (i? < 0) . The action is symmetric 
with respect to a reflection 5 — > —5. Witout loss of gener- 
ality we can therefore choose E > Q. Then 5{z) approaches 
—00 for z — > 0, and -l-oo for z — >■ z. 

Consider next the geometry of the D-dimensional inter- 
nal space, i.e. the hypersurfaces with fixed x^,dx^ — 0. 
This geometry is described by p{z) 5a^(y). As an exam- 
ple, gafiiy) may be the metric of the {D — l)-dimensional 
unit sphere, with C = D — 2. For 7 > one finds a point- 
like singularity - the "radius" of the {D — l)-dimensional 
subspace shrinks to zero as the singularity is approached. 
Only for p = z^ the point z = could be included in the 
manifold, similar to the pole in the ZJ-dimensional sphere. 
For 7 < 2 the internal curvature diverges as the sin- 
gularity is approached. 

R(^^ = iD-lh{l-^^)z-\ (83) 

For the range < 7 < 2 we conclude 

{00 for 7 < A/D 
-00 for 7 > A/D . (84) 
for -f^4/D 

(Eqs. dMl), dUl) hold for Z) = 2 for aU 7.) For R^°^ -> 
—00 (7 > A/D) the singularity is a cusp, and for -> 
a generalized cone. (For D = 2 the singularities p ~ 
z'^, 7 < 2 or p = az^, a > 1, cannot be embedded in 
flat three dimensional space.) The singularities with 7 > 
can be associated with a generalized "brane" [2^ , [l3] , [13] 
sitting at z = 0. 



The brane or pointlike singularities correspond to 77 > 
— 1/2. Depending on E, the solution of eq. ([55]) with the 
plus sign corresponds to the range 

D + 3 - ' - D + Sy y D-lJ ' ^ ' 

such that the singularity is powerlike and may have positive 
or negative curvature. Cusp singularities with 7 > A/D 
are realized close to the upper bound {& 0) for all D > 
2, whereas the lower bound corresponds to positive i?^^^ 
Also the solutions with a negative sign in eq. ([55]) can have 
a pointlike singularity with i?^^) — ^ 00 for sufficiently large 

For rj — > r/_ [E"^ — > 0), however, the exponent 7 becomes 
negative, with 

For 7 < 0, the singularity is of a different type. Close 
to the singularity, the "radius" of the [D — l)-dimensional 
subspace now diverges. The curvature i?'-'^) also diverges to 
negative infinity. Singularities of this type may be called 
"infinitons". Nevertheless, the volume of internal space 
remains finite as long as 7 > —2/(D— 1) This is always 
realized for 7 > 7_ . 

2. Warped branes and zerowarps 

Another important aspect of the singularities concerns 
the warp factor a. Let us consider the five-dimensional 
space spanned by the coordinates and z. Apart from the 
signature, this is the analogue of Z?-dimensional internal 
space, with p replaced by u. Indeed, for D = 5 our equa- 
tions are invariant under the exchange a p^ Co 4A, 
or 7 -f-?- —77. For < 0, one has a pointlike singularity in 
five- dimensional space. As the singularity is approached 
for z — >■ 0, the five dimensional distance between two arbi- 
trary points in four-dimensional space-time shrinks to zero. 
Even the locations of the most remote galaxies have an ar- 
bitrarily small five dimensional distance from each other. 
The singularities with 77 < 0, where the warp factor tr van- 
ishes at the singularity, are called "zerowarps" . For > 0, 
in contrast, the five dimensional distance between two lo- 
cations and x'^ diverges to infinity as z — )■ 0. For a 
fixed four-dimensional volume the volume of the five di- 
mensional space remains finite as long as 77 < 1/2. This is 
not automatically obeyed. For Z? > 7, an infinite volume 
of five-dimensional space becomes possible (77 > 1/2), even 
though the four-dimensional volume is finite. 

We conclude that the singularities either correspond to 
warped branes (7 > 0) or to zerowarps (77 < 0). Singulari- 
ties where a brane is simultaneously a zerowarp are possi- 
ble only for E"^ exceeding a minimum value, not for £^ = 0. 
Zerowarp solutions have first been discussed in [l^, and 
warped brane solutions in [l^. An intensive discussion of 
warped branes with codimension one has stated with , 
and codimension two branes are investigated more recently 
in [25I - I28I . We discuss warped branes in five-dimensional 
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gravity with a dilaton (codimension one) in appendix A. 
Warped branes with codimension > 2, embedded in Ricci- 
flat higher dimensional space, are investigated in detail in 



VII. GLOBAL PROPERTIES OF SOLUTIONS 



1. Monotonic behavior 

Let us next turn to the global properties of the solutions. 
This concerns, in particular, the question which type of 
singularities can be connected by a smooth solution for < 
z < z (or < z < oo). We first consider the warp factor 
and ask if a cr is monotonic or if a turning point (maximum 
or minimum of cr{z)) can occur. For a turning point with 
a'{zt) = 0, eq. gll implies a"{zt) = 2A. For A > a 
minimum of a at Zf is possible, and for A < a maximum 
may occur. For A = one finds cr"(zt) — and higher 
derivatives of a at Zt are needed for a characterization of 
a possible turning point. For A = 0, one actually finds 
that cr'(zt) = implies that all derivatives of cr vanish 
at Zf. This follows by subsequent differentiations of eq. 
(P^. For A = 0, we conclude that either a is monotonic or 
constant. For a monotonic cr there must then be at least 
one singularity (or regular point) with < 0, such that 
a vanishes or approaches a constant. On the other hand, 
either a diverges at a second singularity of for z — > ±cx), 
or it approaches a constant. 

A similar discussion is possible for the potential turning 
points of p at Zp, p'{zp) = 0. A linear combination of eqs. 
(p4| and (133 yields 



Aa-i- 
D + 2p" 



£+5 _ 3 



16 



2 p a 

1 „ 



(87) 



and, in combination with eq. (1361) , we obtain 



p a 



Cp-' 



Ip" 



D-3 IP' 
P 



2 p 4 
For a possible turning point this yields 
p"(zp) = 2C. 



(89) 



Similar to the discussion above, we conclude that for C = 
the function p{z) is either monotonic or constant. For C > 
it may have a minimum, but no maximum. In particular, 
for C > the presence of two pointlike singularities with 
7 > is excluded. 

2. Solutions with A = 

In the following we will consider A = 0. For C = we 
have found that the powerlike solutions (|52p , with rj and 7 
obeying eqs. (l53t . (|57)) . are exact solutions for the whole 
range of z. These exact solutions extend from z = to 
z — ^ cx) and have therefore no second singularity at some 
finite z. They correspond to the third type of asymptotic 



solutions for z — >■ cx), eq. (j76p . and do not admit dimen- 
sional reduction with finite AP, eq. ([77)1 . For C 7^ 0, the 
power like solutions are approached for C* — > 0. Typically 
the powerlike solutions are dividing lines between solutions 
with two singularities (for C > 0) and solutions with a reg- 
ular behavior for z — > 00 (for C < 0). For A = one has 
still two free integration constants left, while the singular 
behavior depends only on one integration constant, or 
77. The second integration constant does not infiuence the 
behavior at the pole for z — 0, but it decides on which side 
of the deviding line a given solution is located. For C ^ 
we may use C as the second integration constant. 

3. Classification of solutions 

We may classify the possible solutions according to the 
type of the singularity for z 0. For type (A), the solution 
corresponds to the plus sign in eq. (I58p with 77 > 0, i.e. 

(A): 7, > , 7 > , ^2 < £^ (90) 

Solutions of type {B) again have the plus sign in eq. 
but 77 < 



(B): 7/ < , 7 > 



D 



1 ~, D + 2 



(91) 



D + 2 - D + 3 

Similarly, the type (C) characterizes solutions with the mi 
nus sign in eq. ([55)1 . with 7 > 



(C) : 77 < , 7 > 



The singularities {A) — (C) describe warped branes. The 
solutions (B) and (C) are simultaneously zerowarps. Fi- 
nally, the type (D) denotes zerowarp solutions where both 
77 and 7 are negative, with a minus sign in eq. (I5S 



(D) : 77 < , 7 < , < 



(93) 



For & = {D + 2)/{D + 3) the types {B) and (C) coincide. 
The boundary between (C) and (£>) has E'^ =3/4, 7 = 



0, 77 



and the boundary between {A) and {B) obeys 



E^ = {D- 2)/{D - 1), 7; = 0, 7 = 2/iD - 1). 

4. Solutions with two singularities 

Let us now investigate the possibilities for two singu- 
larities. The monotonic behavior of a{z) tells us that a 
solution of type (A) can only be connected to a second 
singularity at z = z which is of type (B), (C) or (D). Sim- 
ilarly, singularities at z = of the types (B), (C) or (D) 
require a type (A) singularity at z = z. Thus one of the 
singularities is always a pointlike singularity of type (A). 
Since the role of the two singularities is interchangeable, 
we may take for z — >■ the solution of type {A). 

For C > the second singularity at z cannot be pointlike. 
The only remaining possibility is a singularity of type (D). 
(Only for C < the type (B) or (C) singularities at z 
are also conceivable.) Let us concentrate on C > 0. The 
solution starts for z — > with p — >■ 0, cr — >■ cxd according to 

2 



P = Pqz' 



< 7 < 7+ 



D - 1 

cr = o-qz"'' , < 7; < ?7+, 



(94) 
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with ?7+ given by eq. (l59l) . Correspondingly, the variables 
s and V (eqs. (gS]), (gT])) obey 

s = —77 In 2 , {> = 21nz. (95) 

Close to the singularity we can linearize eqs. (P^. 
([5^ with 

s{z) — s{z) + Ss{z) , v{z) — v{z) + Sy{z), (96) 
such that 



2z 



2E^6y = 0, 

'^l + 2r/-|)5;-(4 + 2(D + 3)r;)5: 



£>- 1 

-2E^6y + 2Cz^^'' = 0. 
Combining the last two equations yields 
Dz 



D - 1 



-S:, - 2Cz^-^ = 0. 



(97) 



(98) 



A solution is 



2C 



5. = 



(2-7) (2-7+^ 
(2-7)^ (2-7+,j^ 



.2-7 



,2-7 



(99) 



For A = and given E^, let us consider the limit C — )■ 
0+. In this limit the location of the second singularity z 
will move to infinity. The solution stays very near the exact 
solution for a large range < z < Zc, with Zc of the order 
of z but somewhat smaller. In the region z « Zc the power 
law solution ([52]), (|53l) . ([57| around z = is matched to a 
similar singular solution around z ~ z. 



VIII. DIMENSIONAL REDUCTION 

At this stage we have described the general quasistatic 
solutions of the field equations ((T2|) . ([13]) that are consis- 
tent with the ansatz ([25]) . They are described by several 
free integration constants. In particular, the cosmological 
constant A turns out to be one of these integration con- 
stants. In the presence of singularities not all solutions of 
the higher dimensional field equations correspond to ex- 
trema of the action [l^. One possible way to understand 
this issue investigates the effective four-dimensional action. 

1. Four-dimensional effective action 

The four-dimensional action will also be useful for a dis- 
cussion of cosmological solutions. The quasistatic solutions 
discussed so far are possible candidates for the asymptotic 



state of the universe as t — )■ 00, but cannot describe the cos- 
mological evolution. In particular, the cosmological evolu- 
tion will decide which one of the possible asymptotic states 
is approached. 

An investigation of the general time dependent solutions 
is rather involved. The functions ti, p and 6 become now 
functions of z and i, and the most general ansatz consistent 
with internal symmetries, time and space translations, as 
well as rotations and reflections in space, contains several 
other functions of z and t [22|. In order to get a first 
approach, one may study the cosmological solutions of an 
effective four-dimensional theory, obtained by dimensional 
reduction. 

Dimensional reduction involves an ansatz for the relevant 
degrees that may be important for cosmology after some 
early initial period - say after infiation. Besides the four- 
dimensional metric g^ti' ix, t), this typically comprises other 
fields with a small mass. We will include here the radion 
by promoting L in eq. (|28l) to a field L{x,t). In addition, 
we consider the dilaton by the ansatz S{x,y) — 6^°''{z) + 
d{x^t). The reduced four-dimensional theory is found by 
inserting the ansatz in the higher dimensional action (??) 
and integrating over the internal coordinates y". 



M. 



d~2 



-R + df'ddf.S}. (100) 



For this purpose we have to specify appropriate functions 
ct(°)(z), p^°\z), gf^iy), (5W(z). We wih choose them as 
one of our quasistatic solutions. This choice is not unique, 
and we will discuss this issue in more detail below. 

With our ansatz for the metric we can decompose the 
higher dimensional curvature scalar (omitting terms that 
will lead to irrelevant total derivatives) 



R 



R'^^^ {x)a-\z) - £9^ In L{x)d^, liiL{x)a-\z) 



+L-^{x)Rd{z), 



(101) 



with 

i?(,,)(z)=i?(^)- 
Here 

Ri-^^i^^-iD-l)^-kD-lKD-,) 



4— -2(D-1)^ — . (102) 
a pa 



P . 
(103) 

is the curvature scalar computed from the internal part of 
the metric ([28| for i = 1. It depends on p, p' and p" . (We 
abbreviate here cr, p instead of cr*^°^(z), p'^'^^z).) Inserting 
into the higher dimensional action yields 



r(4) = / (5(4))l/2 (104) 

J X 

I [-^^^' + In L df. In L + 9^(5 d^S] + V^j , 



where 



= Mj(MdL)^ / a-'p 



(105) 
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and 



V = -Mi{MdL) 



D-2 



2 - 

a p 



-{6'^-Rd}. 



(106) 



2. Four-dimensional solutions and contradiction 

for A 7^ 

For any solutions of the higher dimensional field equa- 
tions the higher dimensional action and therefore also F^^^ 
must vanish. This follows directly from eq. I^E^. We em- 
ploy this observation for a computation of V by noting that 
for 9^ In L = 0, 5^5 = 0, M"^^ = iAL'"^ we have indeed a 
solution of the higher dimensional field equations, implying 



S'^-Rd= iAa- 



(107) 



(This can, of course, be verified by a direct computation 
for our quasistatic solutions.) We find 



V = 2KMj{MdL 



,D-2 



(108) 



For constant L and S one may be tempted to relate V and 
the effective four-dimensional cosmological constant A by 
eq. (jlOSp . Considering only the higher dimensional solu- 
tions of the field equation this seems possible for arbitrary 
A. The situation is more complicated, however. Solving 
the field equations for the effective four-dimensional the- 
ory with L = 5 = const, results in 



1 ^ 



X 



= 4V. 



(109) 



(110) 



This implies i?^*^ = 4^/%^ = 8AL~^, leading to a contra- 
diction with the higher dimensional solution R^^^ — 4AL^^, 
unless A = 0. This simple observation singles out the 
case of a vanishing cosmological constant A = 0. Only 
in this case the higher dimensional and four-dimensional 
field equations lead to the same static solution. 

For higher dimensional solutions with integration con- 
stant A = the potential V(L,S) vanishes identically. In 
this case L = const., 6 — const, are indeed solutions of 
the four-dimensional field equations. Again, this does not 
hold for A 7^ 0. Now we find a nonvanishing potential 

3. Four-dimensional Weyl scaling 

Since also the effective four-dimensional gravitational 
constant ^ x "^ depends on the field L, a better under- 
standing of the cosmological solutions of the field equa- 
tions derived from the action (|104p can be gained after 
Weyl scaling. With 



(111) 



^("^ = w^^{R- f4,^^'\nw4 d^\nw4- g4D^\nwl), 



and R the curvature scalar corresponding to g^jy, one has 
(/4 = 6) 



r(4) 



1/2 I 



cd>' \nLd^\nL + d>'5 d^5 
1 



R + Ud^nxd^lTiX 



-V 



1/2 I 



R+ 6 



45 



2Ac-aAr 



4 ( X 



where 



ap 2 



9^ In xdf. In x 
, (112) 



(113) 



We may introduce canonically normalized fields for the 
dilaton, /S. — MS, and radion 



(114) 



such that their kinetic terms have the standard form for 
real scalar fields. For A 7^ we find an effective potential 
for the radion, U = {M^/x^)V, 



U 



2AcDM^exp -a 



2{D + 2) / 45 



-1/2 



(115) 



4. Cosmological solutions 

We recognize the radion as a type of quintessence field 
that increases towards infinity as time goes on. For A 7^ 0, 
the effective four-dimensional theory describes cosmologies 
with an asymptotically vanishing dark energy, and not a 
de Sitter space with a cosmological constant different from 
zero. Asymptotically, the curvature scalar in the Einstein 
frame R goes to zero. In the absence of matter the asymp- 
totic solution is [l|, 



2 , 

M a 



fo- 



am) 



If we expand around a higher dimensional solution 



(z) , (z) , .9^j(2/) , 6^-^\z)) with integration con- 
stant A 7^ we conclude that this solution is not a solu- 
tion of the field equations for the effective four-dimensional 
theory. The four-dimensional solution leads to asymptot- 
ically flat space (i? — >■ 0), but increasing x and therefore 
L. This is in contradiction to the higher dimensional solu- 
tion with constant i?*-'*-' and L. For an extremum of F the 
four-dimensional field equations must be obeyed, however. 
We infer that higher dimensional solutions with integration 
constant A 7^ cannot be extrema of the effective action. 
In the presence of singularities the extrema of the action 
have to obey additional constraints beyond the higher di- 
mensional field equations fl^ . We will address this issue in 
the next section. We will see that these constraints allow 
quasistatic solutions only for A = 0. 
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IX. POTENTIAL FOR INTEGRATION 
CONSTANTS 

The action F is a functional of arbitrary metrics gjxc.{x, y) 
and scalar fields 6{x,y). The extremum condition = 
singles out the allowed solutions. If we interprete F as the 
quantum effective action after the inclusion of all quan- 
tum effects, the resulting field equations dT / dg^^^ {x , y) = 

0, dV /d6{x,y) — 0, are exact identities for the allowed 
states of the system. 

1. Dependence of eflfective action on integration 
constants 

Let us now evaluate F for a finite dimensional subspace 
of metrics and scalar fields that we define in the follow- 
ing. Consider a given solution of the local field equations 
(155)1 with singularities at z = and z = z. We 
denote the corresponding functions by p~f{z), a^{z)^ S'^(z), 
with 7 — [Eq, Lq, Aq, ao) the remaining integration con- 
stants which specify the solution. (Two integration con- 
stants are fixed by the location of the singularities, and 
we recall that po or, equivalent ly C* for C 7^ 0, is fixed by 
eq. ([36]).) Consider now a class of metrics given by the 



ansatz (|28| . with (7{z) = —a^{z), p{z) 



po 



p-y^z) and ar- 



bitrary L. This keeps the location of the singularities at 
z = and z = z. We also keep the functions g^f^J{x) and 
gapiy) fixed, where gjf! corresponds to a given fixed value 
e/Lg — Aq/Lq for given 7. Similarly, we consider scalar 
fields where 6'{z) is given by an arbitrary E in eq. (I33p . 
This subspace of field configurations is characterized by 
four variables {E,L,a^p) and we investigate the effective 
potential for these variables 



W^iE,L.a,p) 



M 



d-2 



(117) 

The effective action depends on these variables via 

T^iE, i, a,p)= f {~g<^^^y/^W^{E, L, a, p), (118) 

and an extremum of the action corresponds to an extremum 
of W^. We employ a subscript 7 in order to recall that 
depends implicitely on the chosen integration con- 
stants i?o, io, Aq, (Tq. For E = Eg, L = Lo^a — ao, p — 
Pq{Eq,Lq, Aq, ctq), we know that W must vanish identically 
due to eq. 

Inserting the functions (t^(z), p^(z), (5'7(z) one obtains 



AKodp^L^ f 



D-2 



a p 2 L 

2 2 



Rd.-i + ( ^ — 1 



D-1 



{D-l)C 



(119) 



Using eqs. dSS]) and p07)) 



Ela-^p-^^-')-AK,a~\ 



(120) 



we find 



1 A^n^r^-^ 



n-1 

<^oPo' 



{{E--El)j^a, 



-i^Pi 



Po 



}. (121) 



We recall that po is fixed in terms of i?o,io,Ao and ctq 
and observe that indeed vanishes ioi E — Eq, cto /(t = 
Ll/L"^: p = Po- 

2. Variation of internal volume implies A = 

One may expect that the higher dimensional solution 
E = Eq, L = Lq, a — gq, p = pq corresponds to an 
extremum of the action and therefore of W^. This is not 
the case. Let us first take E — Eq, a = ctq, p ~ pq 
and consider as a function of the characteristic size of 
internal space L, 



D-2 



-D 



Lq') 



(122) 



The condition for an extremum at L ^ Lq 



dL \Lo 



2AoM; 



rf-2; 



,[{D-2)L''-^-DL°-^L^^] 



-4AoMr^i 



d-2 r-D-3; 



^7 







(123) 



is obeyed only for Aq = 0. We infer that all solutions of 
the local higher dimensional field equations with Aq 7^ 
are not an extremum of the action. Extrema of the action 
(jlOP must have a vanishing effective four-dimensional cos- 
mological constant Aq = 0! It is precisely for this case that 
we have found a consistent dimensional reduction in the 
preceding section. 

The family of metrics with two singularities, where a 
and L are varied while p = pq and E — Eq are kept fixed, 

D-l 

is perfectly acceptable. Since ~ a^p-y ^ is finite, 
the potential remains finite for this class of metrics. 
There is no doubt that the action should be an extremum 
within this family of metrics. For solutions with Aq 7^ 0, 
there exist neighboring metrics for which the action per 
volume of four-dimensional space-time changes by a fi- 
nite amount, such that the solution is not an extremum. 
Therefore Ao 7^ is clearly not compatible with accept- 
able solutions. We conclude that for all extrema of the 
action with two singularities the effective four-dimensional 
cosmological constant vanishes without any tuning of pa- 
rameters. 
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3. Variation of integration constants for internal 
geometry 

Let us next consider variations of p, with E = Eq, a 
(To, L = Lq fixed. Near the singularities one has 



a p 



' D-1 D-1 'I 



.1-7 



(124) 



The z-integral of this expression remains finite near z — 0, 
provided rj < ^ — 1 or j < 2. This holds for all D > 
3. The class of metrics with varying p seems again to be 
acceptable. For Ao = 0, E = Eo, we remain with 



A 



D - 1 



CM^'^ I a^^p^ ^ A, 



(125) 



For C = this does not yield an additional constant and 
we find that W~f vanishes identically. For C 7^ 0, how- 
ever, an extremum at p = po, (T = co, L — Lq requires 
CTqL^~^/Po = 0. This is not consistent with our ansatz 
([^5]). We conclude that for all extrema of the action with 
the ansatz ([28]) and two singularities, the space spanned by 
the coordinates must be Ricci-flat, i.e. C = 0, = 0. 
We have seen, however, that no solutions with two singu- 
larities exist for A = 0, C = - the exact singular solutions 
are the powerlike solutions ((52|) . ((53| . (|57l) that do no lead 
to an acceptable four-dimensional gravity. Some ingredi- 
ent is needed to stabilize p at some finite value, if the so- 
lutions with two singularities and C 7^ are to play a role. 
One possibility are time-dependent cosmological solutions, 
where p{t) is finite for any finite time t. We will come back 
to this issue below. For the moment, we only note that the 
derivative 



dp 



D -I ~ 



\P0 



D-2 



-D-3 



(126) 



gets small for small values of the integration constant C. 

We also should emphasize a difference between the 
physics associated to a variation of p and a variation of 
L. For fixed values L — Lq, p = po, E — Eq, a — ctq, 
the dimensional reduction to an effective four-dimensional 
theory is valid whenever A = 0, independently of the value 
of C. Contradictions arise only for A 7^ 0. In fact, we may 
evaluate F for fixed cr^, p-y, S-y only as a functional of an ar- 



bitrary metric (x) . Then [S/xt''] precisely corresponds 
to the effective four-dimensional Lagrangian and F^ [gin)] to 
the effective four-dimensional action for the metric. The 
solution gl^} (x) of the higher dimensional field equations is 
an extremum of F^[5^t}] only for A = 0. 

4. Variation of scalar integration constants 

Let us finally consider variations of E. In fact, the situa- 
tion is more subtle if we keep the metric fixed, L = Lq, p = 
Po, = ctq, but vary the scalar field with E ^ Eq. For a 
finite coefficient of the term ~ E"^ in one concludes 
immediately that the only extremum with dW^/dE — 
occurs for E = 0, and therefore infer Eq = 0. However, 



the coefficient in the first term in eq. (|121[) is not finite if 
singularities are present, since 



(127) 



We conclude that E ^ Eq does not describe an acceptable 
field configuration with finite W-y . For a given metric only 
the choice E — Eq ensures that remains finite. 

This issue may be better understood if we write the piece 
in the action containing the scalar field as 



M, 



d-2 



g^/^d'^Sdf.S 



^ I {g'/HDH^df,{g'^'Sd^S)}. 



(128) 



The first term vanishes for any solution of the field equa- 
tions. However, there is a second "boundary term" , which 
reads for our local solution 

= ^L^-^E j{gi^)f/\5{z)-m)- (129) 

More precisely, <5(0) stands for 5{z — )■ 0+) and 5{z) for 
i5(z — )■ z_). In fact, near the singularities one has 5' ^ 
z~^ and 5' ^ {z — z)~^ , respectively. Therefore 5 diverges 
logarithmically to — cxi for z — >■ 0+, and to -\-oo for z — >■ 
z_, if i? > (and inversely for E < 0). The difference 
5{z) — (5(0) therefore diverges and F^ is not well defined. 
On the other hand, the curvature part of the action, F^, 
contains a similar divergence. Indeed, for any solution of 
the field equations one has 



and therefore 



2 - 
a p 



-1 ~ 



Eq5'. 



Insertion into F^ yields 



(130) 



(131) 



(132) 



M 



d-2 



Vd-,L^-^Eq {g^^)fl\5{z)^m) 



such that for E — Eq one finds F^j = — F^. 

If we restrict the allowed field configurations to the ones 
where F/V4 (with V4 the volume of four-dimensional space- 
time) remains finite, the divergences in T b, and F5 must 
cancel. This fixes the allowed value of i? as a function 
of the singularity in the metric. For solutions of the field 
equations this requires E = Eq for given a~f,p^. At this 
stage we are then not allowed to vary E and should consider 
Wy only as a function of L, a, p, omitting the first term 
in eq. (fmj) . 

Instead of varying (5 by a multiplicative constant at fixed 
9(Lll^ we may alternatively consider a shift of f by an addi- 
tive constant, ^ — > ^ + e, at fixed gf,i,. We first verify that 
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the extrema of the action (|23p coincide with the extrema 
of the original action ([TU| . This is not automatic since the 
transformation has neglected a boundary term 

AT ^ g^^^ew^'^^DHnw (133) 

= d,[9'''dnn0^ ju-^p^n 

However, this term vanishes identically for the solutions of 
the field equations such that the extrema are the same for 
eqs. (ITU)) and (P^ . For a constant infinitesimal shift e the 
variation of the action (jlOp reads simply 

(134) 

If a constant shift e would correspond to a finite variation 
5T /Vi, i.e. for finite J^w'^a^ ^R, the extremum con- 
dition (5r = would imply R — 0. (Note ^ = exp{csS) > 
for positive cs = [( + '^fdl{d - 2)2]^/^ and w,a,p > 0.) 
Combining eqs. (IT^ . ([T^ one finds for all solutions of the 
field equations 

R = Cdf^ln^doln^g^" = Cw'^cHS'f, (135) 

such that R — corresponds to Eq ~ 0. However, with 

y = w^a^p^iR = CMi-\lElr'a-^p-^ (136) 

one finds for i?o > 0, with ay > 0, f3y > 

y{z 0) - z-'^-°'y , y{z ^ z) - (z - z^^+f^y . (137) 

Therefore y converges for z — >■ z, but diverges for z 0. 
Even though the variation at constant gf^c shows a different 
behavior at the singularities as compared to the one with 
fixed g/ii>, it still changes T/Vi by an infinite amount. 

Nevertheless, there are other variations of S which leave 
T/V4 finite, but imply Eq = for the extremum condition. 
Consider a z-dependent shift 5^6 + e(z), with fixed g^j>. 
The variation of the action becomes 

<5r = M^-^ J g^/^d^''Sdf,e (138) 

= I d^ieg'/'d^S) ^ I e~g''^bH}. 

The second contribution vanishes by virtue of the field 
equation ([24]) such that 

-5r = / (g(4))l/2 I ^^(^^2^-^^) 

J X J z 

= M^-^Eq I (gW)i/2 I a.e(z). (139) 

If we take e(z) = kz we obtain for the spaces with two sin- 
gularities at z = and z = z a finite value e = Vd-iuz. 
The extremum condition with respect to such a variation, 
5T — 0, implies Eq = 0. If we admit solutions of the field 



equations where 5 diverges at the singularities, there seems 
to be no reason to exclude the configurations where S is 
shifted by a finite amount, as (5 — > (5 + kz. More generally, 
it is always possible to find e(z) with dzt 7^ 0. We infer 
that all extrema of the action have E = Q and therefore 
z-independent values of the scalar field, (5 = (5o,^ = ^o- In 
this case = is obeyed for arbitrary e, cf. eq. (I138p . 

5. Extrema of effective action 

We conclude that the extrema of the action require 
for quasistatic solutions with a warped geometry ([28]) the 
choice of integration constants E = 0,A = 0,C — 0. 
The remaining integration constants (Jq,pq,L correspond 
to trivial rescalings of the coordinates in this case. The 
singular solutions with warping are given by the powerlike 
solution ([5^ . with rj and 7 determined by eqs. (I55|) . ([55t . 
They do not lead to a finite four-dimensional Planck mass. 
If we restrict the range of z to < z < Zmax the effective 
four-dimensional Planck mass diverges ~ '^max ■ We may 
imagine a cosmology where this particular static solution is 
approached asymptotically, with an effective z„iax increas- 
ing with time. However, for a realistic particle physics the 
typical mass scale for the Kaluza-Klein modes has also to 
increase with Zmax , and the dimensionless couplings should 
remain essentially static despite the increase of z^ax- It 
may be difficult to achieve these requirements. 

The absence of solutions with A — C ~ E ^ Q and 
finite X is a particularity of our limitation to an SO{D) 
isometry. Other solutions with a different isometry group 
are compatible with A = C = E = and lead nevertheless 
to a consistent four-dimensional gravity with finite x- For 
the ansatz (I28p the extrema with a direct product structure 
(t(z) = (To,p(z) = poj with gapiy) the metric of a Ricci- 
flat D — 1-dimensional space with finite volume Vd-i, are 
consistent. This also holds if (jafiiy, z) describes a Ricci-flat 
ZJ-dimensional geometry. Such spaces are indeed extrema 
of F. We conclude that internal geometries corresponding 
to extrema of W in eqs. ([5]), ([6]) typically exist. They single 
out a vanishing cosmological constant A = 0. 

This result has far reaching consequences. In particu- 
lar, it explains within our model why asymptotic cosmo- 
logical solutions lead to a vanishing cosmological constant. 
We should therefore understand better why the local solu- 
tions of the field equations are not automatically extrema 
of the action. The basic reason is that the local field equa- 
tions ([24)1 . (|25l) are obtained from local variations of the 
action. Local variations Sg^''' [x, y) typically vanish outside 
some region in higher dimensional space-time. Since any 
extrema of F must also be extrema with respect to local 
variations, it is a necessary condition for any state that the 
field equations are obeyed. For compact internal spaces 
with a regular warp factor, this condition is also sufficient. 
In presence of singularities it is not. 

In other words, in addition to the local variations we have 
also to consider variations of the d-dimensional fields that 
are not local in d-dimensional space-time. For example, a 
variation of L changes the internal metric for all values of 
z, not only in a local region. This holds even if L{x) is local 
in four-dimensional space-time. The extremum condition 
for F under a variation of L is not contained in the field 
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equations. It has to be imposed in addition. 

We therefore can device the following strategy for find- 
ing the extrema of F. First one solves the field equations. 
The most general solution consistent with a given symme- 
try has typically a number of integration constants 7^ . In 
the second step, one may evaluate F as a function of the 
integration constants by inserting the corresponding solu- 
tions of the field equations for some fixed "trial values" 
7 = li,o- This leads to a potential W^(7j) for the integra- 
tion constants. The third step determines the extrema of 
W. These are then the extrema of the action. The resulting 
extremum condition typically fixes part of the integration 
constants 7^. Alternatively, one may perform dimensional 
reduction to an effective four-dimensional theory and use 
the requirement that an extremum of F has to obey the 
effective four-dimensional field equations. 

For compact internal spaces with a regular warp factor 
the situation is special. Now part of the integration con- 
stants 7j are fixed by the conditions of regularity. The 
solutions of the field equations are automatically extrema 
of in this case. This follows from the absence of bound- 
ary terms, such that the local variations are sufficient to 
find the extrema of F. We conclude that compact regular 
solutions are always acceptable states. There are, however, 
additional possibilities with singularities. In this case the 
conditions on the integration constants 7j for the regularity 
are replaced by the extremum conditions for W^. 



X. GENERAL DILATATION SYMMETRIC 
EFFECTIVE ACTION 

In this section we generalize the discussion of the possible 
extrema of F in sect. IIXI We add to the effective action 
(jlOP the most general dilatation symmetric pure gravita- 
tional part, 

r = 1 g"^ + . (140) 

We only assume here that F is dilatation invariant and 
depends only on the metric and its derivatives, being a 
scalar under general coordinate transformations. We do 
not need to restrict the discussion to a polynomial form of 
F. 

1. General solutions 

We also consider much more general solutions as in the 
preceding sections by investigating all possible quasi-static 
solutions with a warped metric (4) and ^ — £,{y)- The 
detailed form of the solutions will not be important for 
the general arguments of this section. We only need the 
observation that there are families of higher dimensional 
solutions with free integrations constants as we have en- 
countered in the preceding sections. The overall scale of ^ 
and the characteristic length scale I of internal space count 
among these integration constants. We assume that the 
solutions are of the type admitting dimensional reduction 
to an effective four-dimensional theory of gravity. Within 



this very general setting we will find a class of solutions in 
the "flat phase" with vanishing four-dimensional cosmolog- 
ical constant A = 0. These solutions are extrema of F and 
are stable. In contrast no stable extrema of F with A 7^ 
exist if ^ ^ 0. These statements hold independently of the 
values of the couplings that parameterize F. 

We will work directly with the action (ll40p without per- 
forming a Weyl scaling. Nevertheless, direct contact with 
the results of the preceding sections can be easily made. 
In this case we use the ansatz (pS)) and employ the simple 
relation (jl7p . (|20p between g^j> and g/ij> which amounts to 
appropriate multiplicative rescalings for the metric compo- 
nents. We can use 

= Mir^^-g^^J (141) 

and absorb the multiplicative factor between gap and gap 
in L^, which is not determined by the higher dimensional 
solution anyhow. 

2. Radion and dilaton 

We will perform dimensional reduction to an effective 
four-dimensional theory, expanding the effective action 
(|140p around a solution of the higher dimensional field 
equations. The effective four-dimensional action F*-"*^ will 
depend on the values of the integration constants which 
characterize the particular solution around which we ex- 
pand. Among these integration constants we only keep ^ 
and I as parameters of the four-dimensional theory. They 
play the role of four-dimensional scalar fields and can be 
associated with the dilaton and the radion. The quasi- 
static solutions must be extrema of F^"*) with respect to 
variations of ^ and I. For the other integration constants 
we assume that they have fixed values which correspond to 
a (partial) extremum of F and F^^'. (This means that the 
derivatives of in sect |TX] with respect to these parame- 
ters vanish.) This procedure is illustrated by the detailed 
discussion in the preceding sections. In this case we insert 
for gaf}{y) J p{z) , cr{z) , ^(z) one of the solutions of the 
higher dimensional field equations, as given by a set of in- 
tegration constants 7 = (A, . . . ). These solutions do not 
fix L and the normalization of ^, such that we can indeed 
retain two scalar degrees of freedom. 

The strong result of this section that only solutions with 
A = are possible stable extrema of F will be based on 
the extremum conditions for ^ and I as well as an investi- 
gation of stability of possible extrema. For the discussion 
of stability we will need the second variations of F*-^' with 
respect to ^ and /. 

The general form of the four-dimensional action can be 
written as 

rW ^^(g(4))l/2|^„ 1^2^(4) ^_ _|^ (142) 

We regard F*^**) as an expansion in powers of the four- 
dimensional curvature tensor and the dots denote terms 
involving higher powers of it. The potential V plays the 
role of the four-dimensional effective potential for ^ and I, 
where we recall that all quantum fiuctuations are already 
included. It is given by 
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(143) 

Here i?'^™') and ^"(^^'"^5.) are evaluated by inserting 
for the d-dimensional curvature tensor the functions 
5Q/3^(y)' ''^(y)' 'f(y)' which correspond to a particular solu- 
tion of the d-dimensional field equation, while the four- 
dimensional metric is kept flat, gj^J = rj^u. Quantities like 
/j(int) and therefore V will depend on the choice of the 
integration constants which characterize the higher dimen- 
sional solution. 

On the other hand, one finds for the effective gravita- 
tional constant 

f{9^^^Y''a{e-2G}, (144) 

where we use 

R = Riint) _^j^{4)/^^ (145) 

Here G obtains from the first order term in an expansion 
of F in / 

F = FiR^;;;l) + GR^'ya + ... (146) 
For the example F = tR^ one has 

F = T(i?(™*))Hy(ii'("'*))^-ii?(4Vf^+--- (147) 
such that 

G= ^(i?(-t))#-i. (148) 

We can now define the characteristic length scale I for 
the internal geometry by 

f(giD)y/2^2 ^ID^ (149) 

•'y 

Similarly, we define the characteristic scale ^ for the scalar 
field by 

/ (g'-^'^y^'^e = i""^- (150) 

Jy 

This definition is obvious for a constant ^ and a — 1^ but 
can now be applied for arbitrary configurations, including 
y-dependent scalar configurations with 7^ and warp- 
ing. 

3. Effective potential and Planck mass 

We define dimensionless constants 

F ^l' lis'^^Y^'^FiR^^, 
Jy 

G ^ f j {g^^'^f'^aG, (151) 
Jy 



and observe that F and G do not change under a rescaling 
of the internal metric. They can therefore be evaluated for 
a fixed Iq. (For the definition of F and G it is understood 
that the same metric is used for all quantities on the r.h.s..) 
Similarly, we define 

2 Jy 

(Again, the definition (|152p is understood in the sense that 
the solution for ^(y) is also used for the computation of 
^ on the r.h.s., and similar for the scaling of the internal 
metric.) In terms of these constants we can write 

V = Q^l"-^ +Fl-'^, (153) 

and 

^2 ^ 2Gl-^. (154) 

The constants Q, F, G have to be evaluated for a particular 
solution of the higher dimensional field equations. In gen- 
eral, they will depend on the integration constants 7 used 
for this solution. 

We further restrict the solutions to obey the condition 

[ d^ig'/'^d^O^O- (155) 
Jy 

This condition has to be met for any extremum of F. In- 
deed, we may consider an infinitesimal variation ^(y, x) — > 
^{y, x) + e{y, x). This results in a variation of F ()140p 

<5F = f g'/^Cd^ed^^~e^R} (156) 

= C lUg^'^ed^O- fj'/'e{CD'^ + RO. 

The second term vanishes by virtue of the field equation 
([T^ , such that an extremum of F {ST = 0) requires 

fdf,{g^/hd^O^0 (157) 

J X 

for all acceptable variations e. For ^ depending only on 
y and the choice e — e{x)^{y), with e{x) non- vanishing 
inside some local region in four-dimensional spacetime, an 
extremum implies the condition (|155p . 

We can use the extremum condition (jl57p in order to 
bring Q into an intuitive form. Any d-dimensional solution 
must obey the scalar field equation (fT2)) which does not 
depend on the term F. For quasistatic solutions (9^^ = 0) 
we can combine the field equation ()12[) and the extremum 
condition (|155p in order to bring Q to the form 

Q = l-t^f-D [ {g^Y'^a^eiR - i?^'"'^). (158) 

2 Jy 

Both R and i?*^™*) have to be evaluated for a solution of 
the higher dimensional field equations. (For the warped 
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solutions of the preceding sections they are characterized 
by the integration constants {AQ,ao, Lq), while i?o = is 
required by eq. (|155|) .) 

4. Solutions with A = 

Our strategy is to investigate the possible values of F, 
G and Q for which a stable quasistatic solution of the field 
equations derived from F*^^-' © exists. We will find that for 
f 7^ the only possibility is Q = F = 0. Consistent stable 
quasi-static solutions therefore exist whenever the integra- 
tion constants of the d-dimensional solution can be chosen 
such that Q = F = 0, while the derivative of Wj with re- 
spect to all integration constants except ^ and I vanishes. 
We will see that these solutions all have A = and indeed 
correspond to an extremum of T. We recall that the four- 
dimensional cosmological constant is one of the integration 
constants. The d-dimensional solution around which di- 
mensional reduction is performed will therefore depend on 
some "trial value" Aq. Of course, consistency requires that 
the value of A found from the quasistatic extremum of eq. 
([9]) coincides with Aq. We will investigate separately the 
cases Ao = and Ao 7^ 0. They correspond to the two 
different phases for the possible solutions. 

Let us first expand around a solution with Aq = 0. In 
this case one has i?('"'^(Ao = 0) -R(Ao = 0) and therefore 
concludes Q = 0. For this choice of integration constants 
the potential (|143p is given by 

V = Pr^. (159) 

There are two alternative situations, according to the ex- 
istence of a solution of the higher dimensional field equa- 
tions with _F = or not. Consider first the case where a 
suitable choice of integration constants allows for a solu- 
tion with F = 0, while the condition (|155p is also obeyed. 
This seems to be a generic situation, since there are typ- 
ically several integration constants 7^ on which F^-ji) de- 
pends, and only two are fixed by Aq = and the con- 
dition (jl55|) . (For the warped solutions in the preceding 
section two free integration constants Lq, ao remain af- 
ter Ao = 0, i?o = are fixed.) If F{-fi) = is possible 
we can perform dimensional reduction to an effective four- 
dimensional model by expanding around the higher dimen- 
sional solution with integration constants 7,^'^-* chosen such 

that F(7f^) = 0,Q(7f^) = 0. The efi:ective potential is 
then found to be independent of I and ^, 

1/(^,0 = 0. (160) 

The field equations for I and ^ are obeyed, and the solution 
of the gravitational field equations, g^J — 7/^^, is consis- 
tent with a vanishing cosmological constant, Aq = 0. Such 
a quasistatic configuration therefore solves both the higher 
dimensional and the four-dimcnsional field equations. For 
this class of solutions the "tuning" of the cosmological con- 
stant to zero happens independently of the values of the 
higher dimensional couplings, i.e. ( and the dimensionless 
couplings parameterizing F. 

The solutions with A define the flat phase of the pos- 
sible extrema of F. They obey Wq = for the discussion 



in the introduction, eqs. ([5]) - ([9)). For Wq = we can turn 
eq. ^ around and infer from (JF = that SW must vanish, 
such that the solution corresponds to an extremum of W. 
Extrema in the flat phase always exist for the general di- 
latation symmetric effective action (|140p . Indeed, we may 
consider the direct product of four-dimensional Minkowski 
space and a _D-dimensional torus Ai'^ x , accompanied 
by a constant value for ^. For a finite volume of the torus 
this leads to consistent four-dimensional gravity with finite 
nonzero x- One finds F = G = Q = 0. Since M'^ x 
is a regular space the solution of the d-dimensional field 
equations is automatically an extremum of F. The inter- 
esting question concerns the "size" or "extension" of the 
flat phase, i.e. a classification which non-trivial solutions 
belong to it. If for a given ansatz one finds no integra- 
tion constants which extremize Wj and allow for _F = 0, 
or if such solutions do not lead to a finite nonzero x^, this 
only means that no solutions consistent with the ansatz 
belong to the flat phase. This is what we have encountered 
in the preceding sections for the most general ansatz with 
S'0(Z3)-symmetry, where finite has not been realized. 

5. Possible solutions with A 7^ 

Let us next investigate possible additional extrema be- 
longing to the non-fiat phase. They would have a non- 
vanishing cosmological constant A 7^ 0. We will find that 
stable solutions are not possible for ^ 7^ 0. This finding is 
crucial for an understanding why A = is singled out. Let 
us suppose that within a given ansatz one finds a choice 
of integration constants such that a higher dimensional so- 
lution with Ao = exists. One may ask what happens if 
we perform a dimensional reduction by expanding around 
some neighboring higher dimensional solution, with inte- 
gration constants such that Ao 7^ 0. We will show that this 
leads to instabilities, indicating that such higher dimen- 
sional solutions cannot be stable extrema of the action. 

For a general higher dimensional solution with integra- 
tion constant Ao, given by i?^"*) — 4Ao, eqs. (|158p and 
(|145p imply 

V- f {g^^'^Y" {2A0CV + a^F(i?gl)} . (161) 

We can directly express Q in terms of the integration con- 
stant Ao and the scale Zo using eqs. (|158p . (|150p 

Q - 2Koll. (162) 

Here Iq is the "trial scale" for which Q is evaluated. (If we 
choose a different Zo also Aq should be changed accordingly, 
since for any higher dimensional solutions i?, i?™* ~ 1^^ . 
Therefore Q should be considered as a constant and Iq 
should be kept fixed if we later vary the radion field I away 
from the space of d-dimensional solutions. The indepen- 
dent integration constant is the dimensionless combination 

6. MELximally symmetric four-dimensional 
geometry 

For the solutions of the gravitational equations derived 
from the effective action ^ we concentrate on spaces with 
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maximal symmetry 



= 4A. 



(163) 



Inserting this solution into r'*) ^ we define the "cosmo- 
logical potential" 



(164) 



It differs from the effective potential y by a term propor- 
tional to the cosmological constant. Extrema of F^^^ corre- 
spond to extrema of W with respect to variations of ^ and 
I, not to extrema of V. (Only for A = the two potentials 
W and V coincide.) Inserting eqs. (|153p . (|154p . (|162l) we 
obtain the explicit form of the cosmological potential 



W = 2Ao?oC^/^"^ + Pr^ - 2A(^/^ - 2Gr2) 



(165) 



We concentrate on solutions with ^ ^ 0. The field equa- 
tion for f has the the simple solution 



(166) 



In this respect the four-dimensional solution is consistent 
with the ansatz used for the dimensional reduction. The 
second condition for an extremum, namely dW/dl = 0, 
reads 

{D - 2)Aollr^l'^-^ - 2Fl-^ - DA^^l'^ - AGAr^ = 0. 
Insertion of Al^ ~ AqIq implies the extremum condition 



(168) 



Depending on the values of F and G this equation can have 
solutions with Aq 7^ 0, such that corresponding extrema of 
r may exist. 

7. Stability of solutions 

For Aq < the leading term in W (|165p for ^ -J> 00 , Z -J> 
goes to minus infinity. A stability analysis reveals that 
possible extrema with Aq < are unstable. An instability 
also occurs for extrema with Aq > which become allowed 
for G < 0. The matrix of second derivatives, 



1 d^W 



{xux2) = {l,0, (169) 



2 dxidxj 

evaluated for the extremum conditions (|166p . (|168p . reads 



= 4 



DA^eio 



D-1 







(170) 



Due to the vanishing of 77122 stability is only possible if the 
off diagonal elements vanish. For nonzero ^ and finite Iq 
this is possible only for Aq = 0. In this case the extremum 
condition (|168p requires F ~ and rh? vanishes identically 
at the extremum. 

In presence of the pure curvature term ~ in the ef- 
fective action we conclude that extrema with Aq ^ 
cannot be excluded. (In contrast to the extrema with 



Aq = we have not yet found an explicit example, how- 
ever.) This contrasts with the situation for F = Q where 
the extremum conditions lead to contradictions between 
the higher-dimensional and the four-dimensional field equa- 
tions unless Aq — 0. However, all possible extrema with 
^ > 0, finite I and Ao 7^ turn out to be unstable. Again, 
the solutions with Aq = are singled out. 

The stability of an extremum of F is crucial for its rel- 
evance for the asymptotic cosmological solution as time 
goes to infinity. In our picture a runaway cosmological 
solution approaches the field region dominated by the ul- 
traviolet fixed point only asymptotically. Any instability 
of the solution will deviate a given solution from a trajec- 
tory towards the fixed point. We conclude that in presence 
of possible stable and unstable fixed point solutions only 
the stable ones have a chance to reached. In our case this 
type of cosmology can asymptotically only approach the 
solutions with A = 0. 



XI. GRAVITY WITHOUT DILATON 

In this section we discuss the case of a dilatation sym- 
metric effective action without a dilaton field. The effective 
action (|140p contains then only the purely gravitational 
part ~ F. The relevant solutions will simultaneously cover 
the solutions with <^ = in the preceding section. In the 
absence of ^ or for ^ = the extremum condition p67p for 
W{1) becomes 



F -f 2GAf = 0. 
Stability of this extremum requires 

F>Q. 



(171) 



(172) 



This coincides with the stability condition of positive or 
zero eigenvalues of the mass matrix (|170p for solutions with 
^ = 0. In the absence of a dilaton field or for = the 
four-dimensional effective Planck Mass reads 



= -2Gl-^. 

It is a positive only for 

G < 0. 



(173) 



(174) 



We conclude that stable solutions can exist for positive or 
vanishing A, 



A = -■ 



F 
2GP 



(175) 



From this point of view extrema with nonzero A are no 
longer excluded and could be reached for the asymptotic 
solution. 

The difference between solutions in the flat or non-flat 
phases persists, however. Very large classes of dilatation 
symmetric F will still have extrema that lead to A = 0. 
First of all, we recall that Ai"^ x remains an acceptable 
stable solution in the flat phase with A = 0. The "size" 
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of the flat phase depends on the properties of F. In this 
context we recall that F is not arbitrary but corresponds 
to an ultraviolet fixed point. This may well single out a 
specific form, for example a simple polynomial. 

For large classes of effective actions it is easy to find a 
very extended space of solutions in the fiat phase, includ- 
ing geometries with non-abelian symmetries. As a first 
example, we may assume that the ultraviolet fixed point 
corresponds to an effective action where F takes the form 

F = R^H , K > 1. (176) 

Here H is an arbitrary (possibly non-linear and non-local) 
invariant not involving any parameter with dimension of 
mass and scaling appropriately under dilatations. Obvi- 
ously, F has an extremum for = 0, since 

SF R''-\kHSR + RSH). (177) 

All such solutions corresponds to an extremum of W 
and we find directly _F = 0, A = 0. There are many 
geometries with i? = 0, for example a direct product 
X S'^i xAf^-^^ with Af°-°^ a space with finite volume 
and negative curvature scalar which cancels the positive 
curvature scalar of S^^ . 

^ We may replace S^^ by x S°^-^\ Solutions with 
R ~ exist for arbitrary relative radii and of the 
D2 and -D3 — (£>! — £'2)-dimensional subspaces. The four- 
dimensional effective potential will therefore not depend 
on the ratio lo = r 02/1^03- We expect a scalar field that 
corresponds to a variation of cj. In the asymptotic limit 
t ^ 00 the potential for this field vanishes and the scalar 
becomes massless. We may denote by "geometrons" such 
effective four-dimensional scalars which do not change the 
value of F at the extremum. They refiect possible defor- 
mations of the geometry which are compatible with the 
extremum value of -F. In this sense they are somewhat 
analogous to the moduli fields in string theory. Depending 
on the particular geometry of the extremum of F in eq. 
()176|) there may be several geometrons. In the present cos- 
mological epoch the asymptotic solution is not yet reached 
and one expects a nontrivial potential for the geometrons 
which only disappears in the asymptotic limit, e.g. for 
Z — >■ 0. In consequence, the geometrons still have a mass. 
It is an interesting question if geometrons could play the 
role of dark matter, similar to axions. 

As a second example with a large variety of solutions in 
the fiat phase we consider 

F = K^H, (178) 

with K and H arbitrary scalars built from the metric (with- 
out involving couplings with dimension of mass). Again, F 
has an extremum at 0, this time for K = 0, since 

SF = 2HKSK + K^6H. (179) 

The cosmological constant vanishes again, since F = 0. 
There may be many geometries consistent with the condi- 
tion K = and we expect the presence of geometrons for 
many solutions. The solution persists if we replace by 



K'^, K > 1. One realizes that the example (I176P becomes a 
special case of this more general class, with K = R. UK 
does not vanish for i? = the solutions in the flat phase 
will have a non- vanishing curvature scalar. A possible sim- 
ple example is if = Rfn^M'^'^ — alt^, which can vanish for 
R^O. 

What is characteristic for our examples is the existence of 
an extremum for W for arbitrary dimensionless parameters 
characterizing H or K. Changing these couplings typically 
changes the details of the geometries which extremize F 
and W. Nevertheless, the four-dimensional cosmological 
stays zero for all values of such effective couplings. We 
conclude that a self-tuning mechanism for A is at work 
such that A can readjust to zero whenever these couplings 
are changed. This is rather different from the situation 
encountered in four-dimensional theories. We comment on 
the importance of higher dimensions for the self-tuning of 
A in the conclusions. The only thing that is needed for 
solutions in the fiat phase beyond the trivial M'^ x 
geometries is an extremum of W for such solutions. An 
extremum of F is sufficient for this purpose since extrema 
of F can occur only for Fq — 0. This can be shown using 
the scaling F a'''^F under the scaling g^p a'^gfj^c, 
employing arguments analogous to the introduction. 

A third example uses a polynomial form 

F ^Fi-RH (180) 

where Fi contains only terms which are at least quadratic 
in the Ricci tensor i?/ii>, while H only involves the totally 
antisymmetric part Cp^cp^ of the curvature tensor. An ex- 
tremum occurs for 

Rf.u=0, Cpopa + (181) 

with Cfiijpa chosen such that iJ is constant, iJo > 0. Again 
one has F = 0,A = 0. What is less obvious for this ex- 
tremum is the stability of the solution. For our two first 
examples we may take k even and Fl to be positive for the 
extremum. Then the effective potential after dimensional 
reduction obeys ^ > 0, at least in a region of field space 
around the extremum, with 1^ = at the extremum. This 
guarantees stability with all mass terms for scalars posi- 
tive are zero. No such simple argument is available for the 
example 

While F = is achieved quite easily, we still have to ver- 
ify G < in order to have an acceptable four-dimensional 
gravity. For the fiat geometry A^"* x an expansion 
of F will not contain a term linear in i?^^^ and there- 
fore (5 = 0. This also holds for an effective action of 
the type (|176p where we take k = 2 for simplicity. With 
R = + i?W/cr (cf. eq. (fT45t ) we obtain 

p.2 ^ (^(int))2 _^ 2i?('"*)i?('^) la + (i?(4)) (182) 

For a minimum of W at = the term hnear in 

vanishes and again (5 = 0. This would lead to an effective 
gravity with (i?^^^ )^ - terms and vanishing Planck mass, not 
compatible with observation. We observe, however, that 



22 



the vanishing of G is not a generic feature of all extrema 
of W. For the example (|180p one finds 

G^-P j [g^^^f^aHo < 0. (183) 
•'y 

If the second derivatives of the scalar potential show no 
instability this type of effective action would generate a 
reasonable ground state with A = 0,%^ > 0. For progress 
on these issues more insight about the form of F for an 
ultraviolet fixed point of gravity would be most welcome. 

XII. CONCLUSIONS 

Our detailed investigation of warped geometries in d- 
dimensional gravity with dilatation symmetry has taught 
us interesting lessons. First of all, not all solutions of the 
d-dimensional field equations correspond to an extremum 
of the quantum effective action. While for the general solu- 
tions of the field equations the four-dimensional cosmolog- 
ical constant A appears as a free integration constant, the 
extremum condition for F typically fixes A. We have given 
a detailed description of this issue in sect. IIXI in terms of 
a potential for integration constants. 

Second, a dilatation symmetric F always has extrema 
for which A = 0. This does not depend on the detailed 
form of F. In particular, F may be parameterized by a 
certain number of dimensionless coupling Gk- If we vary 
Gk the extrema in the "flat phase" with A = persist. This 
holds even though the detailed geometry of the extremum 
may vary with Gk- We conclude that a self-adjustment 
mechanism for A is at work, which always permits A to 
adapt to zero even for a variation for internal geometry. 

The existence of more than four dimensions is crucial for 
the possibility of this self-tuning. This can be understood 
by a simple comparison. In a four-dimensional theory we 
typically have a finite number of scalar fields that we may 
denote by ai , and a number of couplings Gk ■ The effective 
potential y is a function of ai , depending on the couplings 
Gk- An extremum of the effective action with constant 
scalar fields and A = requires 

— (a,;Gfc)|^<o, =0 , V{af^;Gk)=0. (184) 

Even though it may be possible that eqs. (jl84p are obeyed 
for a certain choice of Gk, this typically no longer holds 
for neighboring Gk- Thus the couplings Gk have to be 
tuned to special values for obtaining A = 0. Understanding 
why the couplings take these special values constitutes the 
cosmological constant problem. 

In a higher dimensional settling the scalars ai are re- 
placed by functions of the internal coordinates y- The ex- 
tremum conditions for V are now replaced by an extremum 
condition for a functional W[ai{y);Gk], i.e. 

5W[a,{y);Gk]=0- (185) 

This extremum condition typically has solutions. In the 
case of regular geometries eq. (|185p is equivalent to the 



D-dimensional field equations, while additional extremum 
constraints restrict the space of solutions in case of sin- 
gularities. For a dilatation symmetric F we have shown 
that eq. (|185p implies W ^ for the extremum, and in 
consequence A = 0. 

The role of the additional internal dimensions is twofold. 
First, the flexibility of the adjustment of functions ai{y) 
guarantees that an extremum of W persists if we vary the 
couplings Gk- These functions may be viewed as inflnitely 
many four-dimensional scalar fields. Second, in case of di- 
latation symmetry the scaling ([7]) guarantees that any ex- 
tremum of W occurs at Wq = 0, implying A = 0. For 
obtaining A = for a given parameter set {Gk} it is there- 
fore sufficient to find an extremum of W- 

In summary, we can state a simple condition for finding 
an extremum of the dilatation symmetric d-dimensional 
effective action F which leads, after dimensional reduction, 
to a vanishing four-dimensional cosmological constant A — 
0: the functional W should have an extremum. 

This condition amounts to the existence of an extremum 
of the action for a particular D-dimensional euclidean grav- 
ity theory for the metric and scalar fields. We may demon- 
strate this in the absence of a higher-dimensional dilaton 
field C- Then 

[ f/'aiF[gf,,] (186) 
•'y 

is evaluated for 

= '^(y)ffA^ : =(^ \ ; ) , (187) 

where we realize the connection to the ansatz ^ with 

gl^J ~ Vfj.L' and gl^^ = gapcr. Inserting eq. (|187p is equiva- 
lent to a D-dimensional Weyl scaling and results in 

f g'/'{F[go.p] + K[a, ga.p]}. (188) 
Jy 

Here F obtains from F by replacing gp^o — > guc 

F[gc.p] = F[gf,,], (189) 

and exploiting the direct product structure of gp^c 
(ll87p .The kinetic term K contains derivatives dacr and van- 
ishes for constant cr. Both F and K are scalars with respect 
to _D-dimensional general coordinate transformations and 
scale under constant rescalings of ga^ as 

a^gajS , a ^ a ^ F ^ a'^'^F , K a^'^K, (190) 

such that eq. © holds, W -J> a~^W- The inclusion of 
a d-dimensional dilaton is straightforward - the functional 
W in eq. (|188p contains then additional terms involving 
an additional scalar field £,{y)- 

The functional W always has extrema. Thus F always 
has extrema in the flat phase with A = 0. The inter- 
esting issue is not anymore to find extrema with A = 0, 
but rather to find interesting extrema beyond the trivial 
case where ga/^ is the flat metric of a torus and cr is 
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constant. Furthermore, the physically interesting extrema 
should result after dimensional reduction in a nonvanishing 
and finite Planck mass x- If the asymptotic behavior of a 
cosmological runaway solution approaches a region in field 
space where T becomes dilatation symmetric the cosmo- 
logical constant problem can be solved. The issue remains 
then to find an interesting particle physics. 

The effective four-dimensional theory obtained by di- 
mensional reduction from a dilatation symmetric T always 
contains a massless scalar field, the dilaton. For pure higher 
dimensional gravity the dilaton can by associated with a 
variation of the characteristic length / of internal space. If 
a cosmological runaway solution approaches the region in 
field space where F becomes dilatation symmetric, but has 
not yet reached the fixed point, some residual "dilatation 
anomaly" remains. This generates an effective potential 
for the pseudo-dilaton or cosmon. After Weyl scaling this 
potential V((/?) has to vanish as the value of the cosmon 
if moves to infinity. (We use conventions where dilatation 
symmetry is realized for ip — >■ oo.) We can associate V{lp), 
together with the kinetic energy of the cosmon, with dark 
energy. Our setting realizes a quintessence scenario where 
dark energy relaxes to zero for i -> oo, rather than ap- 
proaching a nonzero cosmological constant. The huge age 
of the universe in units of the Planck time can explain why 
the dark energy density today is tiny in units of the Planck 
mass 1]. 

The extremum of W can be degenerate geometrically in 
the sense that families of extrema exist which are parame- 
terized by continuous dimensionless parameters u)j beyond 
the degeneracy in the characteristic length scale I. For a 
dilatation symmetric F the effective four-dimensional ac- 
tions exhibits in this case massless scalars beyond the dila- 
ton. We call these degrees of freedom "geometrons" since 
they typically refiect a change of internal geometry at fixed 
I. (In the presence of a higher dimensional scalar field ^ 
one of the Uj may also be related to the dimensional ratio 
, without infiuencing the "shape" of internal geom- 
etry). The role of such geometrons for the cosmology in 
the present epoch depends on the details of the dilatation 
anomaly, since the latter will be responsible for providing 
a potential and mass terms for the ujj. If one or several 
masses for geometrons are in the appropriate range the ge- 
ometrons may constitute interesting candidates for dark 
matter. 

We finally mention that the presence of an ultraviolet 
fixed point for gravity, which is approached in field space 
for ^ 0, could also be helpful for another big prob- 
lem for the unification of gravity and gauge interactions 
in the context of higher-dimensional theories. This prob- 
lem is the lack of knowledge in the choice of the higher- 
dimensional action. Since the predictions for the particle 
content and interactions of the effective four-dimensional 
theory depend on the details of the higher-dimensional ef- 
fective action, this type of unification has so far suffered 
from a lack of predictivity for experiments. If the cos- 
mological evolution drives the fields to a region which is 
dominated by an ultraviolet fixed point, the form of F is 
no longer arbitrary. Typically the fixed point itself may 



not involve any free parameters and have a unique form of 
F for a given higher-dimensional field content. Only a few 
relevant (or marginal) parameters may describe the devi- 
ations from the fixed point. Predictions for experiments 
in the present universe will then only depend on these few 
relevant parameters. Needless to say that the great chal- 
lenge remains to establish such an ultraviolet fixed point 
of higher-dimensional gravity. 

APPENDIX A: Warped branes and five dimensional 
dilatation symmetry 

The case Z? = 1 is special. The metric is now only charac- 
terized by the function a{z) and one has the field equations 

(ESI), (El, (EH) 

S' = Ecr^^, (A.l) 
-2ACT-1 + 3— = -5'2, (A.2) 

(7 

-4Aa-^ + 3 (^^^ = S'\ (A.3) 

They can be combined to a second order differential equa- 
tion 

'-.{^) (A.4) 

or, for s = ln(o-/(To), 

s" + 2s'2 - 2Ke-' = 0, (A.5) 

which is equivalent to eq. (|48p . For A = the first order 
differential equation for U — s' — cr'/tr, 

U' = -2C/^ (A.6) 

has the general solution (with integration constant ab- 
sorbed in the location of the singularity 

{/ = ^, s = ilnz, cr = o-Qzi (A.7) 

This solution does not lead to acceptable four-dimensional 
gravity since diverges for z — > oo. 

For A 7^ the importance of the term ^ A may be 
estimated by inserting s — lnz/2, 

Ae^"=Az~i/^ (A.8) 

It will become important as z increases, since s" and s'^ 
decrease faster ^ For A ^ eq. (jA.5[) describes the 
damped motion of a particle in a potential 

V = 2Ae-^ (A.9) 

For A > the potential decreases for s — >■ oo, and one finds 
the particular solution 

s = 21nz + ln(A/3). (A. 10) 
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In terms of cr(z) this reads 



A 



z2. 



(A.ll) 



No four-dimensional gravity exists since is divergent. 
The general solution approaches the asymptotic solution 
(jA.lip for z — > oo, for example by switching from the sin- 
gular solution (fO)) to (|XTT|) at ~ (A/3)"^/^. 

On the other hand, for negative A the potential increases 
for s — 7- oo. The increase of s is stopped at a turning point, 
where s"{zt) = 2Ae~*^^*-' < 0. After reaching its maximum 
value at the turning point zt, the function a{z) decreases 
again until it reaches zero at a second singularity z. The 
solutions with two singularities at z = and z — z will 
lead to a finite four-dimensional Planck mass. If |A| is 
small enough, this yields an acceptable four-dimensional 
gravity. 

The precise solution depends on the integration con- 
stants A, cr(zo) a-nd (t'(zo), with zq a suitable initial value 
for z. Eq. (IA.2I) or (IA.3|) relates these integration con- 
stants with E. In fact, the general solution of eq. (jA.4[) 
has no information about the scalar field - the latter enters 
via the integration constants. We may use an alternative 
starting point for the solution of the system of equations 
(IA.1I) - (|a!3| ) inserting eq. (|A.1|) into eq. (|A.2|) 



// 2 , E'^ q 

."--A + -.-3^0. 



(A.12) 



Now cr(z) is the analogue of the undamped motion of a 
particle in a potential 



3 6 



(A.13) 

such that the "kinetic energy" obeys 

<T'^=2{e-V). (A.14) 
The integration constant e is fixed by ea. (IA.3|) as e = 0, i.e. 

„ E^ 4Aa 

For positive A and large a we recover eq. (lA.lip . 



/2 4 2 2 4Aa 

tr ~ —1\ z — , 

9 3 ' 

while for small cr we find eq. (IA.7I) with 



(A.16) 



(A.17) 



The latter is the exact solution for A = 0. For A < the 
maximal value of a is given by 



(7 Zt 



E^ 
4A 



2\ 1/3 



(A.18) 



The solution is symmetric around the turning point, which 
is therefore in the middle between the singularities at z = 



and z = z, i.e. zj = z/2. Sufficiently away from the 
turning, point we find again the singular behavior (|A.7p . 

(jAUl, 

cr(z -> 0) = c^o^^/^ (^{z z) = (Jo{z - zf^. (A.19) 
A qualitatively correct approximation is 

a = aoz-i/2 ^i/2(z-z)i/2, (A.20) 
with an approximate turning point 

a(z,) = a(z72) = ^z'V^ , 



2E'' 
A^ 



2 \ 2/3 




(A.21) 



APPENDIX B: Hyperbolic Einstein spaces with 
isometries and finite volume 



In this appendix we study Einstein spaces in E dimen- 



(B.l) 



The signature of the metric is euclidean. We are particu- 
larly interested in hyperbolic spaces where C is negative. If 
they have a finite volume, such spaces will be candidates for 
the discussion in sect. IIIIl with E = D — 1. The maximal 
isometry for an i?-dimensional space, SO{E -1-1), implies 
positive C = E—1. We therefore consider a smaller isome- 
try group SO{Di + 1) X SO{D2 + 1), with D1+D2 + I = E. 
The most general metric can be written in a form similar 
to the ansatz PT)) 



Japix,y,z) 



I a{z)g\F,'\x) , 



V 








, 

, p{z)&{y) , 
, 1 

■(B.2) 

The coordinates x^^^ji = I...D1, describe a Di- 
dimensional Einstein space, and similarly the coordinates 
y°',a = 1 . . .-D2, parameterize a D2-dimensional Einstein 
space, with Ricci tensors 



R 



iD2) 

afl 



(B.3) 



For a realization of the isometries SO{Di + 1) x SO{D2 + 1) 
the Einstein spaces are spheres, with Ai = Z?i — 1 , A2 — 
D2 — 1. We will keep the discussion more general at this 
stage. (For Di — 1 , D2 — 9 the isometry group is 
SO{10) X 50(2). This could account in the dimensionally 
reduced theory discussed in sect. IV for a realistic grand 
unified gauge group 50(10) and a generation symmetry 
50(2).) Our notation is somewhat similar to sect. IV in 
order to display the analogy for Di = 4, where only the 
signature differs. The reader should not get confused by 
this, the coordinates x'^ have no relation to the space-time 
coordinates in sect. IV. Also the z and y coordinates have 
a different meaning. 
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The field equation (jB.ip for this metric can be taken 
from [l^. (We employ here a different signature for the 
metric.) They read 

{Di +D2- 1)C - [Di - 2)Ai(7-i - L'aAap-i 



+{D^ - 1)— + 7(^1 - l){Di - 4)- 
1 



-[D,-i)D,py- 

Z pa 



p" 1 fl'^ 
P 4 



P 

{Di +D2- l)C - Dikia-^ - {D2 - 2)K2p- 
p" 1 p'2 

+1(1^2 -Di?/^ 

2 p fj 

(7 4 (T^ 



(B.4) 



2 (B.5) 

(Di + Da - 1)C - ZJiAirj-i - D2A2p-^ 



1 



p'd' 1 



-i^ll?2-- + T^lPl - 1)^ 



pa 4 



-£'2(1)2 - 1) o 

4 2V 2 ) ^2 



0. 



The discussion of possible solutions can be done in parallel 
with sects. Imllvni 

An interesting special case are two-dimensional spaces, 
E — 2, that we may obtain for Di — 1,D2 — 0. In this 
case eq. (jB.sp and all terms involving p' and p" in eqs. 
(|B.4|) , (|B.6|) ha ve to be omitted. Since Ai = A2 = eqs. 
(|B.4[) and (|B.6|) are obeyed identically for this case. In fact, 
these equations amount to the identity 



(B.7) 



that is valid for arbitrary C. Since for £^ = 2 the Einstein 
tensor is traceless and vanishes identically for our ansatz, 
we need in this case an additional equation for the curva- 
ture scalar 



1 fa' 



R = 2C= + - - 

a 2 \ a 



In terms of U this reads 



U' + -U'^ + 2C = 0. 
For C > this has the general solution 



a=^sm^VCz). 



(B., 



(B.9) 



(B.IO) 



For CTo = 1 this describes a sphere, while for (Tq 7^ 1 the 
geometry is singular for z = and z — n/y/C. For ao < 1 
one encounters conical singularities, with deficit angle 



A = 27r(l - y^). 



(B.ll) 



This geometry has the shape of an American football. 

For C < we may infer the general solution by analytic 
continuation 



\C\ 



sinh-'(V|C|z 



(B.12) 



This geometry has again a canonical singularity for z — 
if (To < 1, and is regular for z = for (Tq = 1. However, a 
diverges ~ exp(2-y/|C||z|) for \z\ — >■ 00. The resulting ge- 
ometry does not have a finite volume anymore - the integral 
J^a^^^{z) diverges for z — >■ 00. We conclude that in two 
dimensions negatively curved Einstein spaces with contin- 
uous isometries and finite volume do not exist. This shows 
that the possible existence for > 2 of geometries obeying 
the ansatz (jB.2l) and with finite volume is not trivial. 

We now turn to Z?i > 1, -D2 > 1 for which the three 
equations (jB.4l) - (jB.6l) have to be obeyed. In particular, we 
find the relation 

p' a' _ AC 4 Ai 2 a" Di-2 cr'^ 
p a D2 D2 a D2 a D2 a"^ 
^ _AC ^K2 _^p^ _D2^p-^ 

Di Di p p p^ ^ ^ 

The structure of possible singularity is similar to sect. IV, 

2 + Dn] 



a 



aoz , p = Pqz'' , 7 



Do 



-2±2y/D2{Di+D2-l)/Di 



" -1^. — <''^"' 

and similar for z z. The volume of the E'-dimensional 
space reads 



£± £2 
a ^ p ^ 



(B.15) 



with , the volumes of the subspace with metric 
g^!^^^ and g^^^"* ■ For a singularity (jB.14l) at z = the 

relation between 7 and 77 implies JIb ~ Iz-^- Geometries 
with two singularities at z = 0, z have a finite volume. 

for an investigation if a given solution corresponds to a 
finite volume fi^; it is useful to define the function 

v{z) ^ aiz)^ p{z)^ . (B.16) 

For all values of z where our coordinates are well defined 
v{z) must be strictly positive. If this range of z extends 
to z — 00, a finite volume requires that v approaches zero 
faster than z~^, and similar for z — >■ —00. If the range of z 
is bounded by a singularity (|B.14I) , we know that v vanishes 
^ z or (z — z). Finally, if z = corresponds to a regular 
point where a is constant and p vanishes ~ z^, we also 
find a vanishing v. For any geometry with finite volume 
v{z) vanishes at the boundaries of the allowed range of z 
and is positive inside this range. We conclude that a finite 
volume requires the existence of a maximum of f (z), or a 
point Zm where 



(B.17) 




< 0. 
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From eq. (jB.6|) we infer that cr'/cr must obey for z = Zm 

2 

(B.18) 



a 



iD2 

= (D,+D.-l)C-^-^^A. 

a p 

This is possible only if ^ > 0, and a finite volume therefore 
requires the condition 



i^iAi 



D2A2 



a 



P 



< [Di +D2~ l)C. 



(B.19) 



For negative C this inequality can be obeyed only if Ai 
or A2 are negative. We conclude that hyperbolic Ein- 
stein spaces with the ansatz (jB.2l) and positive or vanishing 
Ai, A2 have always infinite volume, similar to the geometry 
(IKT2]) . 

If either Ai or A2 are negative, the condition (|B.19p can 
always be obeyed by choosing a small enough a{zm) or 
p{zm)- The second condition in (jB.17P reads then 



D1—+D2— < 4:A. 

a p 



Eqs. (|B.4I) . (IB. 51) yield from z„ 



{Di - 1)— + D2— = 2A { 1- 

(7 p 



D,^ + {D2-1)^=2a(i- ) - 2 

(7 p \ D2[Di+D2j p 



2D, 



(B.20) 



2D2 \ Ai 
Di{Di+D2)) 



A2 
(B.21) 



one finds a second order differential equation for U 

D2U" - {D2 + 1)^ - 2{D2 + 2)C^ 
dV 

-U'U + — = 0, (B.25) 



dV 



^ = -AC^U-^ - iD2 + 2)CU ^ 



This describes the motion of a particle in a potential 
D2 + 2 



V{U) = -AC^l-aU 



2,„rr ^ - CU^ _ £l±lu\ (B.26) 

16 ' V y 



with damping or antidamping. We note that dV/dU is 
negative everywhere if C is positive. For C < the poten- 
tial V{U) has a minimum and a maximum for 



U 



2 

rain 



4C 



D2 + 1 



TJ = —AC 

7 ^ max ^Kj. 



The possible singularities (|B.14p correspond to 



z z 



(B.27) 



(B.28) 



and therefore to large positive or negative C/ — >■ ±00. 

Solutions for which U approaches Umin asymptotically 
for z — >■ CX3 correspond to a space with infinite volume ^Ie- 



Inde ed, U = = 2^\C\/yJD2 + 1 (for C < 0) solves 

eq. (IB.25P and corresponds to an exponentially diverging 
a 



and therefore 



o^J 2^2 ^ 

cr \Di(£)i-hD2) i:*! i:'2 - 1 



2Z?2 



A2 



2{D2-l) Ai 

Di + 152-1 i:>i+D2-l p 



2A 



2i:>i 



1 



p lD2{Di+D2) D1+D2-I 

2{Di-l) A2 _ 21^1 Ai 
^ D1 + D2 -I p D1+D2-I a' 

The condition (jB.20[) becomes 



(B.22) 



(Z?i+I?2-2) I + ] < {Di+D2){D,+D2-l)C 



a p 

(B.23) 

and can be fulfilled for either D\ or D2 larger than one and 
small enough a{zjn) or p{zm)- We can solve numerically the 
field equations, starting at Zm with eq. (|B.18| . and we find 
indeed solutions with finite volume ^Ie- 

If the conditions A > and (|B.23[) cannot be met the 
volume is necessarily infinite. One can understand this 
issue from a different perspective. Let us concentrate, for 
simplicity, on £>! = 1 where Ai = 0. With 



U = a' /a , W 



D2U D2\ U ' ^ ' 



a = aexp{Uminz). 



(B.29) 



For D 2 = this is the solution (|B.12p . For D2 > I eq. 
(|B.24p implies 



W 



1 



-^2 Ufuin 



{AC+Ul,,,) = Urmn, (B.30) 



such that p also diverges exponentially. 

In order to see for which initial conditions a solution can 
approach Umin, it is instructive to investigate the possible 
turning points for U. For such a turning point at Zt one 
has 

U'izt) - , U"{zt) = -{l/D2)dV/dU. (B.31) 
Denoting Ut — U{zt) , Wt — W{zt) one finds 

and insertion into eq. (|B.6[) yields the condition 

^ = -^U^ + {Dl - 2)C + 4(i^2 - l)g 



Pt 



dV 

= U^' — {Ut) + D2{D2 + \)C + AD2-^. (B.33) 
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For A2 > the r.h.s must be positive and this requires 
AC 



U? < 



Do 



1 



for C < 0, 



< 4C(L>2 - 1) for C > 0. 



(B.34) 



For A2 < the opposite inequahties hold. 

Solutions with a turning point can be formulated as an 
initial value problem for the differential equation (jB.25l) . 
The initial values are taken at zt, namely Ut and U'{zt) = 
0, with Ut obeying the condition (IB. 341) and pt given by 
eq. (|B.33[) . For Ut > Q the function U{z) takes its minimal 
value at the turning point. We can take U > Q without 
loss of generality. 

Let us consider C < and Ut close to the minimum, 
such that we can linearize in 5U — U ~ Umim 



SU" + TmSU' + m^SU = 0, 



-2C , F 



D2 + 3 



(B.35) 



Since F > 2 for all D2 > I the approach to Umin is over- 
damped, 



(B.36) 



with Ki^2 obeying — Fk + 1 = 0. From eq. (jB.24p we 
infer the asymptotic behavior for z — > 00 

U = U,mn , a = ae^--' , p = pe^--" (B.37) 

(For A2 = eq. (jB.37[) becomes an exact special solu- 
tion for all z.) By a numerical solution we find that the 
asymptotic behavior (|B.37|) is actually realized for arbi- 
trary Ut < Umin- The situation for Di > 1 and Ai > is 
similar. 

For a more general discussion it is useful to simplify the 
terms involving first derivatives by the choice of new vari- 
ables (for U>0) 



(B.38) 



Eq. (|B.38| then reads 
oy 



dV AC' 2D.^, D2 + 2 D2 + 1 + 1 



K{v) 



2{D2 + 2) 



(B.39) 



(For C/ < we take y = -{-Uy^/^^. This changes the 
sign of K{y).) Consider first C < 0, where the possible 
turning point yt occurs for 

yt > V.mn ^[-{D2 + I) /AC] ^ . (B.40) 

The damping coefficient K{y) is positive for large y > ydj 

1 

2 



ya = [-2(i^2 + 2)C]" 
2 



D2 + 2 



y-n 



{D2+2){D2 + l] 



(B.41) 



For the initial values y{zt) = yt , y'{zt) = one finds y 
decreasing for z > Zt, first in a damped motion. There are 
two alternatives. Either y decreases beyond ymax- Then 
nothing can prevent a further decrease to the singularity 
for y — > 0, with damping turned to antidamping in the 
vicinity of the singularity. Or y gets sufficiently damped 
that it cannot reach ymax- For large z the motion will then 
end at ymin, y{z co) ^ ymin- For yt close enough to 
ymin one has V{yt) < V{ymax), such that a damped motion 
can only end in the minimum. We recover the overdamped 
motion' ([6361) . (|R37T) . We find that for Ai,2 > , C < 
the solutions with a turning point for U show always the 
asymptotic behavior (IB.37P and do not have finite volume. 

Finally, it is interesting to ask if there are possible solu- 
tions where a is not monotonic. In this case U changes sign 
such that U{ze) = at an extremum of cr at Zg. We note 
that eq. (|B.24p is only valid for [/ 7^ 0, while for fj = eq. 
(IB. 61) becomes for Di = 1 



i(Z.2-im.e) = -C+^, 



(B.42) 



such that W remains finite. In the vicinity of z^ one can 
approximate 



U' = -2C , U = -2C{z- ze), 
a = CT(ze) exp [ - C(2; - Ze)^] . 



(B.43) 



For C < this describes a minimum of a, while for C > 
the extremum is a maximum. For C > such a maximum 
of a can only occur for A2 > 0. A more extensive discussion 
of the solutions with C > can be found in ref. sect. 
IV, with the identification 2V = {Di + D2 — 1)C, and for 
solutions with C = in the appendix of Qj. 
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